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una beca de doctorado FPI que me permitió además de vivir sin lujos pero dignamente
durante estos años de doctorado en Donostia, hacer estancias en el extranjero. No es
que haya sido un regalo pero me siento agradecida y espero en el futuro otros tengan
las mismas oportunidades que tuve. Y ojalá también que en ese futuro haya un lugar
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Fuks, por transmitirme el placer por el estudio y por los desaf́ıos. En segundo lu-
gar quiero agradecer a Gaspar Müller, por su apoyo durante los años de estudio en
Barcelona. A Biuse Casaponsa por salvarme la vida varias veces a lo largo de este
camino y por sus buenos consejos, entre ellos el de enviar la aplicación para la beca
FPI! Y a Aina Casaponsa por tanto amor y por estar siempre, de mi lado y a mi vera. Y
last but not least, quiero agradecer a Jordi Salvadó, mi compañero de aventuras todos
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a entender y a disfrutar la f́ısica.

A nivel profesional (y por supuesto también personal) quiero agradecer a mi tutor
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en la primera etapa del doctorado, sin su apoyo todo hubiera sido mucho más dif́ıcil.
Y a Neepa Maitra por acogerme en su grupo y por darme un ejemplo a seguir. Y un
agradecimiento especial para Heiko Appel por todo lo que me enseñó, por su siempre
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Resumen

La presente tesis estudia y desarrolla diferentes aproximaciones a la teoŕıa del fun-
cional densidad estático (DFT) y dependiente del tiempo (TDDFT) para la descripción
de procesos no lineales en sistemas electrónicos, abordando las virtudes y limitaciones
de las aproximaciones (adiabáticas) que se usan normalmente en las simulaciones de
respuesta dinámica a campos externos arbitrarios.
En la primera parte de la tesis presentamos tres nuevos funcionales para describir el
estado fundamental de un sistema fermiónico. Los sistemas que se estudian son sis-
temas modelo de pocos electrones, mayormente en una dimensión, para los cuales se
tiene acceso a la solución exacta.
Mi primera contribución ha sido el desarrollo de un funcional adinámico local (LDA
y LSDA) en una dimensión, construido usando resultados de simulaciones “Quantum
Monte Carlo”. Mi segunda contribución es un funcional con simetŕıa de spin rota
pero localización espacial correcta, que es capaz de reproducir satisfactoriamente las
enerǵıas de transferencia de carga entre dos átomos de una molécula. El éxito de este
último se puede entender en términos de un teorema de Koopmans generalizado. Mi
tercera contribución al desarrollo de funcionales para el estado fundamental consiste
en plantear el funcional exacto para el modelo de Hubbard de dos sitios, encontrado
usando el método exacto propuesto por Levy y Lieb.
En la segunda parte de la tesis se estudian los espectros ópticos lineales y no-lineales
usando los funcionales del estado fundamental desarrollados en la primera parte de la
tesis, bajo una perspectiva adiabática (esto es, que el funcional del estado fundamental
es válido para situaciones fuera del equilibrio, por lo que sólo depende de la densidad
instantánea y no tiene memoria de la historia pasada de la densidad).
Para estudiar la calidad de los diferentes funcionales y los efectos no-adiabáticos

analizamos en detalle tanto excitaciones dobles como oscilaciones de Rabi (inclusive
oscilaciones con transferencia espacial de carga). Las propagaciones temporales se
hicieron usando el código octopus (http://tddft.org/programs/octopus) y se desarrol-
laron códigos propios para los modelos de Hubbard y para la búsqueda del funcional
adiabático exacto. Dado el enorme cambio en la población de los dos niveles de enerǵıa
implicados para una oscilación de Rabi (la población del estado fundamental pasa de
100 % a 0 % en medio ciclo de Rabi y vice-versa para el estado excitado) éstas con-
stituyen un ejemplo de dinámica altamente no lineal y permiten estudiar la validez
de las diferentes aproximaciones al funcional densidad dependiente del tiempo en este
régimen.
Hemos demostrado que los funcionales adiabáticos son incapaces de describir oscila-
ciones de Rabi resonantes ya que siempre dan lugar a la aparición de un desfase dinámico
en la evolución temporal del momento de dipolo. En la última parte de la tesis se de-
scubre y estudia la aparición de unas nuevas estructuras altamente no-locales (tanto
en tiempo como en espacio) que presenta el funcional exacto de TDDFT para poder
describir procesos dinámicos no-lineales arbitrarios. Estas estructuras (pico y escalón
dinámico) deben tenerse en cuenta a la hora de desarrollar funcionales no-adiabáticos
(esto es, con memoria) ya que son imprescindibles para poder abordar nuevos fenómenos
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de respuesta altamente no-lineal. Desde un punto de vista de las aplicaciones a sistemas
complejos, los procesos dinámicos no-lineales que se han discutido en esta tesis y anal-
izado en detalle en sistemas modelo de pocos electrones, juegan un papel primordial
en la simulación de los procesos de transferencia de carga en células solares orgánicas
o entre biomoléculas y para describir la dinámica conjunta de electrones y núcleos en
respuesta a campos externos ultra intensos y ultra-rápidos (atosegundos) que son acce-
sibles en la actualidad con las nuevas fuentes de luz de los ”free-electron-lasers”, entre
otros.

4



Abstract

The work presented in this thesis contributes to the developing of Time-Dependent
Density Functional Theory, in particular to the development of new exchange-correlation
density functionals capable of describing non-linear processes in which the changes of
density in time are appreciable. Density Functional Theory is nowadays a standard
tool to compute ground-state and dynamical properties of fermionic systems within
condensed matter physics and quantum chemistry. Ground-state equilibrium geome-
tries and total energies as well as excitation spectra in a wide variety of systems are
accurately predicted. However, for processes like charge-transfer or dissociation of
molecules, where non-locality in space and static-correlation 1 play a key role, avail-
able local and semi-local functionals have shown to fail 2. In this thesis we develop a
spin-broken density functional that overcomes the failure of the available functionals
to predict long-range charge-transfer excitations energies between two open-shells frag-
ments [3].
Time-dependent phenomena of interest address the evolution of Coulomb systems under
the action of time-dependent external potentials. The adiabatic approximation, which
is obtained by plugging the time-dependent density into one of the existing ground-state
density functionals, satisfactorily describes most linear processes. However, phenom-
ena like double excitations [2,113,186] or long-range charge-transfer excitations between
open-shell fragments [151] can not be captured if memory in the exchange-correlation
functional is disregarded 3 . Except for some current-density functionals [84,85,87,88]
and orbital-functionals which include some ’Kohn-Sham memory’ through the depen-
dence on the Kohn-Sham orbitals, available exchange-correlation functionals don’t have
memory (they are adiabatic). In addition to the above mentioned linear-response short-
comes, available functionals fail to reproduce strong-field non-sequential double ioniza-
tion4.
In this work we show that adiabatic functionals are unable to reproduce resonant dy-
namics [4,7] involving the promotion of an electron to a target excited state [71]. Res-
onant phenomena are a paradigmatic example of highly non-linear dynamics where the
non-linearity is not due to the application of a strong external field but to the dramatic
change of the electronic density in time. We show that non-adiabaticity is also relevant

1 Static correlation is related to the difficulty of describing the interacting wavefunction as a Single
Slater determinant, for an extended discussion see [73].

2 Charge-transfer excitation energies over medium to large distances are notoriously underestimated
by the usual exchange-correlation functionals [74–78,80,148] and in the case of molecular dissoci-
ation into open-shells, available functionals yield unphysical fractional charges [41,81–83].

3 Notice that the dependence of the functional on the density at prior times (memory) may be
transformed into an initial-state dependence and vice versa [39]. Within linear-response we do not
need to care about the initial-state dependence of the functional since we assume we start at the
ground-state.

4 For non-sequential double ionization the adiabatic approximation might not be responsable of the
failure, in [188] the adiabatically-exact functional, defined as the exact ground-state functional
evaluated at the exact interacting instantanous density, has shown to correctly reproduce this
strong-field phenomena for the “1D Helium” atom. For these phenomena the failure has been
related to the lack of the derivative discontinuity [144] in the approximate functionals.
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for resonant processes involving a long-range charge-transfer in space [6]. Ultimately,
we have identified dynamical structures that are present in the exact functional and
are absent in adiabatic functionals [5]. The missing dynamical step and peak condemn
available adiabatic functionals to fail in the description of general (not only resonant)
non-linear electron dynamics. Relevant examples of non-linear electron dynamics in-
clude coupled ion-electron dynamics involved in the new attosecond experiments and
charge-transfer excitations within organic solar-cells and biomolecules, among many
others.
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1 Introduction

The fundamental laws necessary for
the mathematical treatment of a large
part of physics and the whole of
chemistry are thus completely known,
and the difficulty lies only in the fact
that application of these laws leads to
equations that are too complex to be
solved.

Paul Dirac

Although this may seem a paradox,
all exact science is dominated by the
idea of approximation.

Bertrand Rusell

In this thesis we want to address the microscopical description of the interaction
of solids, atoms, and molecules with light, going beyond the widely used perturbative
approaches. The full description of phenomena arising from the interaction between
electrons, nuclei, and photons is given by quantum electrodynamics (see section 2.6
and appendix 7 for an extended discussion). But clearly for most of the systems of
relevance in physics, chemistry, biology, materials and nanoscience such a description
can not be accomplished. To study these systems we need to do some approximations
and eventually, reduce the complexity of the problem by means of an effective theory.
The aim is to reduce the problem to a computationally tractable one, keeping only the
most relevant degrees of freedom.
For the physical systems under consideration in this thesis the photons and the nu-
clei will be treated classically (non quantum), only the electrons will be treated fully
quantum mechanically. As a further approximation we will consider the electrons non-
relativistically. The observables can then be computed using the electron wavefunction
given by the Schrödinger equation. Even after all those approximations the degrees of
freedom for a system of many electrons are so huge that an exact solution is practically
impossible with today’s available computational power.
Density Functional Theory (DFT) provides an alternative description of many-particle
systems in terms of the electronic density, circumventing the computational costly task
of finding the electronic wavefunction via the Schrödinger equation. The theory is in
principle a many-body theory, yielding the same physical observables as the standard
quantum mechanical approach at the price of having to approximate an unknown but
universal exchange-correlation density-functional.
DFT relies on two basic theorems: first, the electronic density can be considered as the
unique variable, instead of the wavefunction, such that all physical observables can be
expressed as functionals of the density (Hohenberg-Kohn theorem 2.2.2). Second, and

11



Chapter 1: Introduction

that is what makes DFT a powerful computational tool, under certain conditions of V -
representability (see section 2.2.3), the interacting electronic density can be computed
from an auxiliary system of non-interacting electrons moving in an effective local poten-
tial, the so-called Kohn-Sham potential (Kohn-Sham theorem 2.2.5). The Kohn-Sham
(KS) potential can be split into the external potential given by the problem at hand, a
mean field interaction term (Hartree potential) and the unknown exchange-correlation
density-functional vxc[n]. The DFT challenge is to find good approximations to the
exchange-correlation potential vxc[n]. Since the auxiliary KS system is a system of
non-interacting particles, its N -electron wavefunction is written as a single Slater de-
terminant constructed from the N -occupied KS single-particle orbitals φj . The KS
single-particle potential is a functional of the density, thus the Kohn-Sham equations
consist of a set of N coupled non-linear Schrödinger equations, solvable within a self-
consistent scheme. Given an aproximation for vxc[n], the Kohn-Sham equations provide
a practical scheme to compute an approximation to the interacting electron density.
Provided we know how to write the observables as functionals of the density we have
gained access to the physical observables without solving the many-body Schrödinger
equation!
There is still work to be done in the development of suitable exchange-correlation func-
tionals that correctly capture the non-local space dependence of the exact exchange-
correlation functional. The latter depends in general on the density at all points in
space, nevertheless most of the available functionals are either local (LDA approxi-
mation , see section 2.2.6) or semi-local (gradient approximations as GEA’s, GGA’s,
MetaGGA’s, see sections 2.2.6-2.2.6). Although non-local exchange is captured by
Hartree-Fock (see section 2.2.5) and by hybrid functionals, which mix in a part of ex-
act exchange, the non-local contribution to the correlation potential is not captured by
any of the available functionals. In this thesis, we study the impact of using a local
approximation to the exchange-corelation potential to compute ground-state energies
in Refs. [1] and [2] and to describe different paradigmatic processes like charge-transfer
in Ref. [3], where non-locality plays a fundamental role.
The previous discussion refers to the static DFT method. However, to describe the
dynamics of light and matter interactions, we have to resort to a time-dependent
method which, for a given initial state, provides us with an estimate to the physical
observables without need of solving the time-dependent Schrödinger equation. Twenty
years after the introduction of static DFT by Hohenberg and Kohn, the extension
to time-dependent phenomena was done by Runge and Gross [69] (see section 2.3.1),
which formalized the time-dependent Density Functional Theory (TDDFT) theoretical
framework. TDDFT describes the interaction of the electronic density with external
electromagnetic fields of arbitrary intensity, shape and time-dependence.

The proof of validity and the problematic to address is different for TDDFT than
for static DFT. An extension to the Runge-Gross (RG) theorem that allows for more
general time-dependent potentials (the RG theorem applies only for external potentials
that are Taylor expandable arround the initial time t0) was found by van Leuween [70].
Even though a completely general proof of existence for the one-to-one mapping be-
tween arbitrary time-dependent potentials and time-dependent densities (proof of ex-
istence for the Kohn Sham non-linear Schödinger equations) for real-space systems is
still missing, in practice van Leuween’s proof applies for most of the known physical
potentials. For discrete systems (thus all problems solved using a computer) ensemble
V -representability can be proven [91].
Time non-local functionals for TDDFT are still in an early stage of development.
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The adiabatic approximation, which uses ground-state approximations to the density-
functional to describe dynamical processes, is the most widely used. In this thesis we
show how and why this approximation breaks down when trying to describe non-linear
processes. We exemplify this failure for Rabi physics and other general non-linear
electron dynamics (see Refs. [2, 4–7]).

In chapter 3 we present new developments for the ground-state exchange-correlation
functional of Density Functional Theory. In chapter 4 their perfomance is studied
within the adiabatic approximation by plugging the instantaneous density into their
functional form. In doing so we assess an approximation to the time-dependent ob-
servables that can be compared to the exact solution. The time-dependent processes
studied here result from the interaction of the fermionic system with an external, time-
dependent potential.
In section 3.2 we present the local density approximation for one-dimensional spin-
unpolarized/polarized systems, constructed using the results of quantum Monte-Carlo
simulations for a homogenous electron gas. We evaluate its performance to compute
ground-state energies and potential-energy surfaces for few-electron systems for which
we can compare to the exact solution.
In section 3.3 we propose a spin-broken symmetry approach to compute charge-transfer
energies between effective one-electron atoms. The charge-transfer energies are com-
puted from the bare KS eigenvalue differences by allowing the KS wavefunctions to have
the wrong spin symmetry. In exchange of this spin broken-symmetry, the system yields
the correct space localization and gives good estimates for the transition energies.
In section 3.4 we present the exact ground-state Hohenberg Kohn functional for the
2-site Hubbard model, found by the constrained search method. We study the exact
Hartree-exchange-correlation functional for different degrees of correlation by varying
the strength of the Hubbard interaction U .
Chapter 4 is devoted to the study of time-dependent processes. In section 4.2 we
study the performance of the ground-state functionals developed in chapter 3, used in
adiabatic approximation, to simulate optical-absorption spectra. The one-dimensional
model systems are exposed to the action of an instantaneous electric field in linear
regime or beyond and the time-dependent dipole moment and its Fourier transform are
studied.
In section 4.3.3, 4.3.5 and 4.3.4 we exploit Rabi physics aiming to understand the Time-
Dependent Density Functional Theory description of non-linear processes. Resonant
Rabi oscillations are an example of a highly non-linear process since the population of
the two involved energy states changes dramatically in time. We are mainly concerned
with the identification of non-adiabatic effects and how they manifest in the time-
dependent exchange-correlation potential. These effects are absent when adiabatic
functionals are used. We have found that, whenever an adiabatic functional is used
to describe resonant Rabi physics a dynamical detuning appears. To identify the non-
adiabatic effects we compare the exact solution with the ones found using approximate
adiabatic functionals and the adiabatically-exact functional. The latter corresponds to
the exact ground-state functional when the instantaneous time-dependent density is
plugged in.
For the two-electron model systems studied here the exact time-dependent Kohn-Sham
potential for the singlet ground-state is analytic and the exchange potential is equal to
half the Hartree potential. By extracting the external and the Hartree potentials the
behaviour of the exact exchange-correlation potential can be studied.
In section 4.4 we go beyond the scope of Rabi physics and explore the exact time-
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Chapter 1: Introduction

dependent exchange-correlation potential for general electron dynamics (non-resonant
external field, free evolution of a mixed state). We have identified fundamental fea-
tures that are essential ingredients of the exact time-dependent exchange-correlation
potential that are absent in any of the presently used functionals. This thesis provides
new input for the construction of accurate exchange-correlation functionals able to cope
with the description of electron dynamics beyond linear response.
We end this thesis with some conclusions and extensions of the work presented here.
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2 Ground state and time-dependent
Density Functional Theory

The greatest challenge to any thinker
is stating the problem in a way that
will allow a solution.

Bertrand Russell

Density Functional Theory (DFT) facilitates the study of electronic structure by
means of an alternative approach to the many-body interacting problem (Schrödinger
equation). Within DFT, the electronic density n(r), obtained from the N -electron
wavefunction Ψ(r1, r2, r3, ...rN ) by tracing over all other variables except r,

n(r) = N

∫

|Ψ(r, r2, .., rN )|2dr2dr3...drN , (2.1)

is assumed to determine all properties of the system 1. In this way the demanding task
of computing the N -electron wavefunction Ψ(r1, r2, r3, ...rN ) is conveniently circum-
vented.
The self-consistent single-particle Kohn-Sham scheme (Kohn Sham density functional
method, see section 2.2.5) is nowadays one of the most widely used means of electronic
structure calculation in condensed-matter physics and quantum chemistry. The single-
particle Kohn Sham picture has shown to be very useful for the determination of many
material properties. The DFT method owes its success to a very good balance be-
tween efficiency and accuracy. Typical accuracies of geometric parameters of molecules
(bond lengths) are typically around 1 % error, however for ionization energies of atoms
the error is typically at least one order of magnitude greater. Dissociation energies of
molecules have shown to be particularly difficult to capture within the single-particle
scheme due to their multireference character (static-correlation problem [73]).
In addition, expressions for the relevant observables as functionals of the density need
to be found. Some observables like populations and momentum distributions are non-
trivial functionals of the density, whereas others as energy, multipolar moments and
optical responses are easily written in terms of the density.
The extension of the theory to time-dependent phenomena (n(r, t), v(r, t)) and excited
state properties, known as time-dependent DFT (TDDFT) has been very successful
over the past decades. It is a standard tool to compute optical and vibrational spectra
in the linear regime and beyond (higher harmonic generation, double ionization, etc),
transport properties and, in recent years, in combination with relaxation methods for
the ions, to describe non-linear dynamical processes. Thus it is a promising tool for the
treatment of many interesting phenomena of key importance in the fields of biochem-
istry, nanotechnology and clean-energy generation, among others.

1 This assumption is proved for V -representable ground-state densities (Hohenberg-Kohn theorem,
see section 2.2.2) and for time-dependent V -representable densities evolving under Taylor expand-
able (around initial time t0) time-dependent external potentials (Runge-Gross theorem, see section
2.3.1)
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Figure 2.1: Some representative applications of Density Functional Theory for finite
and extended systems. a) Nano-transport [14]. b) Bandstructure GaAs
using LDA functional [11]. c) Mechanism of CO oxidation on a [Au10]
cluster, simulated using GGGA and RPBE functionals [10]. d) Side view
of the computed DFT geometry for a stable Au/Mpy/Pd/Mpy/Pt double-
decker structure [15]. e) ruthenium dye sensitizers containing functionalized
bithiophene ligands [13]. f) OFET configurations: memory effects [16]. g)
Chromophore [18]. h) Protein [18]. i) Optimized structures of four carbon
nanotube intramolecular heterojunctions with peptide linkages [14]. j) IR
multiple-photon dissociation spectra computed using B3LYP functional [9].
k) Potential energy surface at DFT(B3LYP) level of theory [17].

Applications of DFT go from small molecules, clusters and nanoclusters to large biomolecules
(even DNA), extended systems and surfaces. In Fig. (2.1 )some of the most represen-
tative applications are shown.

2.1 Real-space systems

Throughout this work we will study N -electron systems with general non-relativistic
Hamiltonian of the form,

Ĥ = T̂ + V̂ee + V̂ , (2.2)

where T̂ is the kinetic operator, V̂ee is the electron-electron (e-e) interaction and V̂ is an
arbitrary local external potential which includes the attraction between electrons and
nuclei, V̂nuc, and the repulsion among nuclei, Û . For a system of nuclei and electrons in
real space and within the Born-Oppenheimer approximation (the much heavier nuclei
are considered as fixed in space) the different terms of Eq. (2.2) read (atomic units are
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2.1 Real-space systems

used throughout),

T̂ = −1

2

N
∑

j

∇̂2
j , (2.3a)

V̂ee =
1

2

N
∑

j 6=j′

1

|r̂j − r̂j′ |
, (2.3b)

V̂nuc = −
N
∑

j

Nnuc
∑

k

Zk

|r̂j −Rk|
, (2.3c)

where rj are the positions of the electrons and Rk, Zk denote the position and atomic
numbers of the nuclei. In the Born-Oppenheimer approximation all physical properties
depend parametrically on the nuclear positions Rk. The classical interaction of nuclei
with one another and any other terms that contribute to the total energy but are not
relevant to the problem of describing the electrons have been casted into a constant,
which will be disregarded in the following since they only shift the energy’s origin.
The potential due to the nuclei Eq. (2.3c) is sometimes replaced by a pseudopotential
with general form

V̂nuc → V̂pseudo = −
N
∑

j

Nnuc
∑

k

Vk(|r̂j −Rk|) (2.4)

that takes into account effects of the core electrons on the valence electrons, that are
the only ones computed explicitely.
The ground state wavefunction Ψ0 is the eigenstate of the many-body Schrödinger
equation with lowest energy eigenvalue, the ground-state energy E0,

ĤΨ0 = E0Ψ0. (2.5)

From the many-electron ground-state wavefunction Ψ0 the ground-state density n0(r)
can be computed as,

n0(r) = N

∫

|Ψ0(r, r2, .., rN )|2dr2dr3...drN . (2.6)

The density n(r) integrates to the number of electrons N ,

∫

n(r)dr = N. (2.7)

Finding an accurate numerical solution for the Schrödinger equation is only feasible for
very small atomic and molecular systems 2, the computational effort grows exponen-
tially when an increasing number of atoms (electrons) is considered.
Traditional multiparticle wavefunction methods such as full configuration interaction
(CI), which provide the ”required” chemical accuracy, encounter an exponential diffi-
culty when the number of atoms Nnuc exceeds a critical value, problems requiring the
simultaneous consideration of very many interacting atoms such as for example large
organic molecules, overtax these methods. Coupled cluster methods are amongst the

2 Some examples are super-computer studies of helium [166, 167], calculations on H2 using the B-
spline method [168], and the R-matrix Floquet theory for multiphoton processes [169].
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Chapter 2: Ground state and time-dependent Density Functional Theory

most promising wavefunction approaches in quantum chemistry which can reach chem-
ical accuracy of about 1 kcal/mol. However, even these approaches scale as Nα, i.e.
polynomial for fixed α.
The computing time T rises much more moderately within DFT,namely T ∝ Nα with
α = 2− 3 with ongoing progress towards linear scaling (α ≈ 1).

2.2 Ground state Density Functional Theory (DFT)

The Hohenberg-Kohn minimum
principle may be considered as the
formal exactification of Thomas-Fermi
theory.
The Kohn Sham theory may be
regarded as the formal exactification
of Hartree theory.

Walter Kohn

In 1964, more than 30 years after the appereance of the Thomas-Fermi and Hartree-
Fock theories, Hohenberg and Kohn formalized Density Functional Theory (DFT) with
the Hohenberg-Kohn (HK) theorem [21]. They laid the foundations of the nowadays
popular DFT by proving the unique connection between the set of positive-defined
ground-state densities N and a set of local potentials V.
One year after HK’s publication Kohn and Sham presented an application of HK’s the-
orem to a system of non-interacting particles [30], transforming the theory into a pow-
erful computational method for the calculation of ground-state properties of fermionic
systems. In the same work [30] Kohn and Sham presented the first proposal for a den-
sity functional, the local density approximation (LDA), inspired by the homogeneous
electron gas.
As a preliminary in the next section 2.2.1, we briefly visit the Thomas-Fermi theory,
the first density functional theory, to continue in section 2.2.2 with the study of Hohen-
berg and Kohn’s theorem . In section 2.2.3 we present the V -representability problem
and in section 2.2.4 the Levy-Lieb constrained search method, a later reformulation
of HK’s theorem in the form of a step-wise minimization procedure. In section 2.2.5
we introduce the single-particle self-consistent schemes of Hartree-Fock and of Kohn-
Sham (KS). Finally, in 2.2.6 we briefly introduce the most common approximations for
exchange-correlation functionals.

2.2.1 Thomas-Fermi Theory

The first attempt to build a density functional theory was proposed by Thomas and
Fermi in 1927 [19, 20]. The Thomas-Fermi (TF) theory provides a functional form for
the ground-state energy of an electronic system in some known external potential V (r)
as a functional of the density n(r),

ETF[n] = TTF
S [n] + EH[n] +

∫

V (r)n(r)dr+ U (2.8)
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2.2 Ground state Density Functional Theory (DFT)

with

TTF
S [n] =

∫

3

10
(3π2)

2
3 (n(r))

5
3dr, (2.9a)

EH[n] =
1

2

∫

n(r)n(r′)
|r− r′| drdr

′, (2.9b)

V (r) = −
∑

jk

Zk

|rj −Rk|
, (2.9c)

U =
∑

l<k

ZlZk

|Rl −Rk|
(2.9d)

where TTF
S [n] is the kinetic energy of a homogenous electron gas, EH[n] is the Hartree

energy which corresponds to the mean-field contribution of the e-e repulsion EH[n] =
∫ ∫

n(r′)n(r)Vee(r, r′)drdr′ and U is the nuclear-nuclear repulsion constant that deter-
mines whether binding can occur. The TF ground-state energy ETF[n] is obtained by
applying the variational principle to Eq. (2.8) under the condition that the density n(r)
is positive definite and integrates to the number of particles N ,

(

1

2
(3π2n(r))

2
3 + VH[n](r) + V (r)− µ

)

= 0, (2.10)

where µ is a Lagrange multiplier known as chemical potential that ensures the conser-
vation of the number of particles N and VH(r) = δEH[n]

δn =
∫ n(r)

|r−r′|dr
′ is the Hartree

potential. The formulation becomes exact for a non-interacting homogenous electron
gas n(r) = n and VH = 0. For non-uniform systems one assumes the same functional
form (semiclassical approximation).
The outcome of the variation in Eq. (2.10) is an equation that relates the external

potential V (r) with the ground state density n(r) without need to solve Schrödinger’s
equation,

n(r) =
1

3π2
(2(µ− VH[n](r)− V (r)))

3
2 . (2.11)

Even though some refinements have been applied to the theory in the following years,
Thomas-Fermi theory never became significantly useful for the study of electronic struc-
ture since it does not bind the electronic systems. Nevertheless, it was the first theory
that provided a relation between the external potential V (r) and the density distribu-
tion n(r).

2.2.2 Hohenberg-Kohn theorem

HK’s statement is the following:

“The ground-state density n(r) of a bound system of interacting electrons in some
external potential V determines this potential uniquely (apart from a trivial additive
constant.)“ [21,22] 3

The many-body Schrödinger equation defines a map C : V → Ψ from the set V of
local potentials to the set of N -electron ground-state wavefunctions. Eq. (2.7) then
defines a map D : Ψ → N from the set of ground-state wavefunctions to the set N

3 Proof of HK’s theorem is through reductivo ad absurdum [21].
Extension of HK’s theorem to include degenerate ground states has been carried out by W. Kohn
in 1985 [33], see [36] p. 7 for a review.
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Chapter 2: Ground state and time-dependent Density Functional Theory

Hohenberg-Kohn theorem

The inverse map (CD)   is unique,  
 

-1

Local potentials N-particle gs densities N-particle gs wfs 

for fixed :

Figure 2.2: Hohenberg-Kohn theorem

of ground-state densities that integrate to the number of electrons N (see Fig.2.2).
HK proved the uniqueness of the inverse map (CD)−1 between N and V for fixed e-e
interaction V̂ee.

The classical formulation of the theorem for non-degenerate ground states reads,

• Invertibility

The ground-state density of a system of interacting electrons uniquely determines
the external potential. As a consequence the ground-state wavefunction and all
observables are unique functionals of the density.

O[n] = 〈Ψ[n]|Ô|Ψ[n]〉. (2.12)

• Variational access

For an external potential V0 of a specific system the energy can be written as a
functional of the density as

EV0 [n] = 〈Ψ[n]|T̂ + V̂ee + V̂0|Ψ[n]〉. (2.13)

The ground-state density n0 and energy E0 corresponding to the potential V0
are then formally accessible via the Rayleigh-Ritz variational principle by search-
ing over all possible N -electron densities n and finding the minimum of EV0 [n].
The minimizing density then is the ground-state density n0 and the ground-state
energy is evaluated by evaluating EV0 , i.e.

E0 < EV0 [n], n 6= n0, (2.14)

E0 = min
n∈N

EV0 [n]. (2.15)
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2.2 Ground state Density Functional Theory (DFT)

For practical purposes one may prefer to formulate the variational principle
Eq. (2.15) as,

δEV0 [n]

δn(r)
= 0. (2.16)

• Universality

The total energy functional for an arbitrary external field V0 can be decomposed
as,

EV0 [n] = FHK [n] +

∫

V0(r)n(r)dr, (2.17)

where the universal Hohenberg-Kohn functional is defined as,

FHK [n] = 〈Ψ[n]|T̂ + V̂ee|Ψ[n]〉 (2.18)

and does not depend on the external potential V0. FHK[n] is universal but it does
depend on the electron-electron interaction V̂ee and on the form of the kinetic
operator T̂ .

2.2.3 V -representability problem

We call pure-state V -representable the densities of a (possibly degenerate) ground state
of a Hamiltonian of the form of Eq. (2.2) with some suitable chosen local potential V
(see Fig. (2.2)). In the implementation of the variational principle Eq. (2.15) one has to
ascertain that each trial density belongs to the domain of pure-state V -representable
densities. It becomes clear that in order to properly formulate the variational prin-
ciple of HK’s theorem, we need to find a characterization of the set of pure-state
V -representable densities.
Essentially two groups of non-V -representable densities have been found so far:

• The first group is termed ensemble V -representable and was pointed out by Levy
[25] and Lieb [24,26] independently. To include the non pure-state but ensemble
V -representable densities as trial densities in the HK variational principle Englisch
and Englisch proved the existence of an Ensemble Hohenberg Kohn functional
FEHK[n] [90], the domain of which includes ensemble V -representable functions
(for details see [36]).

• The second group are functions that, while being well-behaved and non-negative
do not correspond to the ground state of any external potential V . An example
of this class of functions for the case of one particle in one dimension was first
pointed out by Englisch and Englisch [90].
It has later been shown that on a lattice, where the kinetic energy operator is
written in terms of finite differences, such non-V -representable densities do no
exist. On a grid every strictly positive, properly normalised density consistent
with the Pauli principle is ensemble V -representable [91].

In contrast to the lattice case, a simple characterisation of V -representable func-
tions for the continuum is not available so far.

In the next section 2.2.4 we introduce the so called Levy-Lieb constrained search, a refor-
mulation of HK’s theorem that circumvents the problem of probing V -representability
by transforming the variational principle Eq. (2.15) into a step-wise minimization pro-
cedure. The Levy-Lieb constrained search does not require the trial densities to be
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V-representability

V-representability versus N-representability 

Local potentials N-particle gs densities N-particle gs wfs 

N-particle wfs 
N-particle densities 

N-representability

Figure 2.3: Constrained search method expands the domain of the energy varia-
tional principle to all N -particle densities, not only to ground-state ones.
No V -representability assumption for the density is needed, just N -
representability, which is a condition that is accomplished by any positive-
definite function normalized to the number N of electrons (see [28] and
references therein). The inverse map CD−1 in this figure is ensured by the
fact that the set N consists of physical densities generated by local po-
tentials (set V). However for arbitrary densities V -representability is not
ensured.

V -representable but the weaker condition of being N -representable, i.e. densities com-
ing from an antisymmetrized N -particle wavefunction. We will use the Levy-Lieb con-
strained search formulation later in this work to find the exact ground-state functional
of a two-particle lattice model (section 3.4).

2.2.4 Levy-Lieb constrained-search formulation

In explicit terms the variational problem is written as,

E0 = min
n
E[n]. (2.19)

In its original formulation the HK energy functional FHK[n] Eq.(2.18) is defined only
for electron densities n(r) which are V -representable, i.e. densities coming from an
antisymmetric ground-state wavefunction Ψ, solution for a Hamiltonian of the form of
Eq.(2.2). However, there is no simple criterion known to decide if a given non-negative
function n(r) integrating to N is V -representable or not and therefore an extension
of FHK[n] to the domain of arbitrary non-negative functions is desirable. From the V -
representability discussion in section 2.2.3 it becomes clear that the correct formulation
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2.2 Ground state Density Functional Theory (DFT)

of the variational problem is,

E0 = min
n
EV [n], (2.20)

where V refers to the V -representability of n.
A generalization of the HK theorem which does not require n to be V -representable
was found, in parallel, by Levy [23] and Lieb [24] and is usually known as Levy-Lieb
constrained-search formulation.
The starting point of the formulation is the trial function Ψ̃ corresponding to a density
ñ. One may perform the minimization of Eq. (2.20) in two stages. First fix a trial
density ñ and denote by Ψ̃a

ñ the class of trial functions that integrate to this ñ. We
define the constrained search minimum, with fixed ñ, as

EV [ñ] ≡ min
Ψ̃a→ñ

〈Ψ̃a(ñ)|Ĥ|Ψ̃a(ñ)〉 =
∫

V (r)ñ(r)dr+ FHK[ñ(r)], (2.21)

where FHK[ñ(r)] is the Hohenberg Kohn functional from Eq. (2.18),

FHK[ñ(r)] = min
Ψ̃a→ñ

〈Ψ̃a(ñ)|T̂ + V̂ee|Ψ̃a(ñ)〉, (2.22)

FHK[ñ(r)] requires no explicit knowledge of V (r). It is a universal functional of the
density ñ(r) (if the later is V -representable or not). In the second step minimize
Eq. (2.23) over all ñ(r),

E = min
ñ
EV [ñ] = min

ñ

(∫

V (r)ñ(r)dr+ FHK[ñ(r)]

)

. (2.23)

For a non-degenerate ground-state the minimum corresponds to the ground-state den-
sity.
The problem of finding the minimum of 〈Ψ̃|Ĥ|Ψ̃〉 with respect to the 3N -dimensional
trial function Ψ̃ has been transfomed into a step-wise minimization procedure which
formally allows for searching among all the ñ’s which are N -representable i.e., which can
be obtained from some antisymmetric wavefunction; this is a condition which is much
weaker and more controllable than V -representability. In fact, it can be shown [28,29]
that any non-negative function n(r) normalized to the number of electrons, N , is an
N -representable electron density. Thus in Eq. (2.23) it is easy to restrict the variational
principle for the energy to N -representable electron densities. 4

Fig. 2.3 represents the transformation from the original HK formulation subjected to
the condition of V -representability to the constrained search formulation where in-
stead only N -representability is required. Notice that V -representability, indicated in
Fig. 2.3, is ensured in this scheme because the densities in the set N are generated by
Eqs. (2.5,2.1) but for arbitrary densities V -representability needs to be proven.

4 The N -representability problem in DFT is not related to the N -representability of the electron
density but, instead, to the N -representability of the approximate functionals that are used to
evaluate the energy ( [28] and references therein).
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2.2.5 The self-consistent single-particle scheme

I knew that the Hartree equations
described atomic ground states much
better than Thomas-Fermi theory.
The main remaining error (of the
energy density functionals) is due to
the seriously inadequate
representation of the kinetic energy.
This deficiency is largely remedied by
the self-consistent Kohn Sham
equations.

Walter Kohn

Before going to the self-consistent Kohn-Sham equations, we will briefly review the
self-consistent Hartree-Fock equations, nowadays a still widely used approach for the
calculation of electronic structure.

Hartree-Fock Theory

Hartree-Fock (HF) theory was found in 1930 by Hartree and Fock [31,32]. It is a mini-
mization procedure that looks for the best independent-particle approximation ΦHF(r)
for an N -electron interacting wavefunction with Hamiltonian of the form Eq. (2.2).
ΦHF(r) is a single Slater determinant (SSD) build from N properly antisymmetrized
one-particle spin-orbitals φj ,

ΦHF =
1√
N !

det[{φj(rk)}]. (2.24)

The quantity to minimize is the total energy EHF
V , with respect to the SSD ΦHF,

EHF
V =

∫

V (r) n(r)dr+ inf
ΦHF

〈ΦHF(r)|T̂ + V̂ee|ΦHF(r)〉. (2.25)

Minimization of Eq. (2.25) is performed under the constraint of ΦHF being a single
Slater determinant, Eq. (2.24). The Hartree-Fock ground-state energy EHF

0 and density
nHF(r) are found by direct minimization of Eq. (2.25),

EHF
0 = min

ΦHF

EHF
V [n]. (2.26)

Notice that even for a complete basis the HF density of an interacting system remains
always an approximation.
The HF energy EHF

V , Eq. (2.25), can be separated into three parts,

EHF
V =

N
∑

i

Ei +
1

2

N
∑

i

N
∑

j

(Jij −Kij) , (2.27)

with

Ei = 〈φi|T̂ + V̂ |φi〉, (2.28a)

Jij = 〈φiφj |V̂ee|φiφj〉, (2.28b)

Kij = 〈φjφi|V̂ee|φiφj〉, (2.28c)
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2.2 Ground state Density Functional Theory (DFT)

where Ei is the kinetic energy plus the energy due to interaction with the ions, Jij
is proportional to the Hartree Energy EH[n] = 1

2

∑

ij Jij and Kij is the non-local
exchange energy due to Pauli’s exclusion principle (Fock or exchange energy). The
Hartree term correctly reproduces the cross term because for two space-points r and r′

the spin-densities n̂↑(r) and n̂↓(r′) are independent and 〈n̂↑(r)n↓(r′)〉 = 〈n̂↑(r)〉〈n̂↓(r′)〉.
However, the Hartree term overestimates the interaction between parallel spins. This
is because when there is an electron at point r it is less likely to find another electron
with the same spin on a nearby point r′. In fact the probability will be zero if r = r′

due to the Pauli principle. We find that 〈n̂↑(r)〉〈n̂↑(r′)〉 > 〈n̂↑(r)n̂↑(r′)〉. The Fock
term simply corrects this error and hence represents an effective non-local attraction
between parallel spins.
Hartree-Fock theory fully accounts for the electron exchange effects. However, correla-
tion effects are completelly neglected.
The Hartree-Fock self-consistent field approach solves self-consistently the set of non-
linear equations for the Hartree-Fock orbitals φj and the density n(r):

ǫjφj(r) =

(

−∇̂2

2
+ V̂ (r) + V̂H(r)

)

φj(r)−
∑

i

∫

dr′
φ∗i (r)φ

∗
i (r

′)
|r− r′| φj(r),(2.29a)

n(r) =

occ
∑

j

|φj(r)|2. (2.29b)

The Hartree-Fock method is computationally efficient, gives reasonably accurate results
and is still widely used. If only the Hartree term is considered and the non-local Fock
term is neglected then the method is called Hartree.

Kohn-Sham theorem

The Kohn Sham (KS) theorem [30] assumes non-interacting V -representability and
states that:

”There exists a local multiplicative single-particle potential vs(r) such that, the interact-
ing N -electron ground-state density n(r) can be computed from the occupied eigenfunc-
tions ϕj of this auxiliary system, n(r) =

∑occ
j |ϕj(r)|2, provided n(r) is non-interacting

V -representable.”

The HK theorem applies for any fixed interaction V̂ee between particles. In particular
it is valid for the case of zero particle interaction V̂ee = 0. The Kohn Sham (KS) sys-
tem is an auxiliary system of non-interacting particles. The interacting density n(r) is
assumed to be both interacting and non-interacting V -representable.
Fig. 2.4 shows the connection between the interacting and the KS non-interacting sys-
tem via the ground-state density n(r). Given that the KS system is a non-interacting
one, the KS one-body Hamiltonian is the sum of the kinetic plus a local multiplicative
single-particle potential vs,

ĥs = −∇̂2

2
+ v̂s(r), (2.30)

and the KS eigenfunctions ϕj are single-particle orbitals,

ĥsϕj = ǫjϕj . (2.31)

where the index j stands for the KS quantum number, j = {α, σ}, where σ =↑, ↓ is the
z−component of spin and α stands for the remaining one-electron quantum numbers.
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Many-body interacting hamiltonian KS single-particle hamiltonian 

non-interacting V-representability

Figure 2.4: Hohenberg-Kohn and Kohn-Sham theorems

The density is, by assumption, computed from the KS orbitals as

ns(r) =

occ
∑

j

|ϕj(r)|2, (2.32)

where j runs over all occupied orbitals.
The non-interacting N -particle KS wavefunction Φ is the properly antisymmetrized
single-Slater determinant constructed from the N occupied KS one-particle orbitals
ϕj ,

Φ =
1√
N !

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

ϕ1(r1) ϕ1(r2) ... ϕ1(rN−1) ϕ1(rN)
ϕ2(r1) ... ... ... ϕ2(rN)
... ... ... ... ...

ϕN−1(r1) ... ... ... ...
ϕN(r1) ϕN(r2) ... ... ϕN(rN)

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

. (2.33)

The total energy functional of the KS system is

Es[n] = T s[n] +

∫

vs(r)n(r)dr, (2.34)

where the non-interacting kinetic energy T s[n] is computed in the KS scheme from the
one-particle KS orbitals ϕj ,

T s =
occ
∑

j

〈ϕj | −
∇̂2

2
|ϕj〉. (2.35)

The HK variational principle Eq. (2.16) applied to the case of V̂ee = 0 provides an
alternative way to calculate the ground-state density which is completely equivalent to
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Eqs. (2.31-2.32) . The ground-state energy density of the non-interacting KS system
can be calculated from

δEs
vs [n]

δn(r)

∣

∣

∣

∣

n=ns

=
δTs[n]

δn(r)

∣

∣

∣

∣

n=ns

+ vs[n](r) = 0. (2.36)

The same HK variational principle applied to the many-body interacting system gives
for the ground-state energy

δEV [n]

δn(r)

∣

∣

∣

∣

n=n0

=
δFHK[n]

δn(r)

∣

∣

∣

∣

n=n0

+ V (r) = 0. (2.37)

We rewrite Eq.(2.13) in terms of the non-interacting kinetic energy T s[n], as

EV [n] = FHK[n] +

∫

V (r)n(r)dr = T s[n] +

∫

V (r)n(r)dr+ EHXC[n], (2.38)

where we have defined the Hartree-exchange-correlation energy, as

EHXC[n] = FHK[n]− T s[n]. (2.39)

Then, the HK variational principle reads

δEV [n]

δn(r)

∣

∣

∣

∣

n=n0

=
δTs
δn(r)

∣

∣

∣

∣

n=n0

+
δEHXC[n]

δn(r)

∣

∣

∣

∣

n=n0

+ V (r) = 0 (2.40)

In Eq. (2.40) we have reformulated the HK variational principle in a form which is
structurally identical to the HK variational equation (2.37) for non-interacting systems,
provided we identify the single-particle potentials as

vs(r) =
δEHXC[n]

δn(r)

∣

∣

∣

∣

n=n0

+ V (r). (2.41)

Further, using the definition of the mean-field Hartree potential,

vH[n](r) =

∫

Vee(r, r
′)n(r′)dr′. (2.42)

We can write the single-particle potential as

vs(r) = V (r) + vH[n](r) +
δEXC[n]

δn(r)

∣

∣

∣

∣

n=n0

. (2.43)

The last term corresponds to the exchange-correlation (xc) potential,

vXC[n] =
δEXC[n]

δn

∣

∣

∣

∣

n=n0

, (2.44)

which is basically everything that is left after substracting the external potential V
(given by the problem at hand) and the mean field contribution of the e-e interaction
vH[n]. All the complexity of the many-body interacting problem is hidden in vxc[n]
(actually it has been shown that to find the universal density functional vxc[n] is np-
hard [34] ).
The KS equations are a set of non-linear equations for single-particle orbitals,

(

−∇̂2

2
+ V̂ (r) + v̂H[n](r) + v̂XC[n](r)

)

ϕj(r) = ǫjϕj(r), (2.45)
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ns(r) =

occ
∑

j

|ϕj(r)|2. (2.46)

Eqs. (2.45-2.46) can be solved self-consistently. The procedure is the following:

1. Decide which approximation to the xc potential vapproxXC [n] to use.

2. Choose an initial guess for the ground-state density ns,ig (r).

3. Diagonalize the KS Hamiltonian Eq. (2.88) using vapproxXC [ns,ig ].

4. Compute the new ground state-density ns,i+1
g from Eq. (2.46).

5. Use ns,i+1
g to start a new cycle. To favour convergence usually a mixing scheme

is implemented.

The self-consistent loop is stopped at the p iteration when the a priori defined conver-
gence criteria ∆, defined as |ns,i+p−1

g − ns,i+p
g | < ∆ is reached.

The exact vXC[n] yields the exact interacting density ns(r) = n(r), but obviously if
an approximated xc potential is used only an approximated ground-state density is
obtained. There are very few systems for which the exact xc potential vXC can be
found, these models are useful to study the properties of the exact xc potential. But in
practice approximations have to be used. The quantity that is usually approximated
is not the full KS potential vs[n] but the xc part of it, vXC[n], , which is a functional of
the density and is universal (valid for any given external potential V (r)).

Alternatively, one may find by direct minimization (see section 2.2.4 on Levy-Lieb con-
strained search method) an expression of FHK[n] as an explicit functional of the density
and apply the variational principle directly. Thus, instead of solving self-consistently
the KS equations one would perform a direct minimization of FHK[n] to find the ground-
state energy and density,

δFHK[n]

δn
+ V (r)− µ = 0 (2.47)

where µ is the chemical potential ensuring that the number of electrons N is conserved.
If no auxiliary system is used to find the ground-state properties then the procedure is
called orbital-free DFT.
FHK[n] can also be used within the Kohn-Sham scheme, the procedure is the following:
first find the xc energy functional EXC,

EXC[n] = FHK[n]− F Vee=0
HK [n]− EH[n] (2.48)

where F Vee=0
HK [n] = Ts[n] corresponds to the non-interacting kinetic energy . Subse-

quently, functional derivation with respect to n of Eq. (2.44) is performed to get the xc
potential vXC[n] that enters the KS equations Eq.(2.45). In section 3.4 we follow the
above described procedure in order to find the exact ground-state Hartree-exchange-
correlation (Hxc) potential vHXC[n] for the 2-site Hubbard model.
From the theoretical point of view orbital-free DFT is more ’rigorous’ since it does not
assume non-interacting V -representability. Even if most of the densities we study are
physical densities (so it’s reasonable to assume it exists a physical potential V that gen-
erates them), non-interacting V -representability (assuming the physical density can be
generated by a single-particle potential) is less obvious. In order to compute the ground
state density of a system via the self-consistent cycle, interacting and non-interacting
V -representabilities need to be assumed.
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The self-consistent cycle is the usual procedure for the computation of ground state
energies in DFT codes, direct minimization using the Levy-Lieb constrained search
method introduced in section 2.2.4 is very costly . In addition of being computa-
tionally less demanding, the KS scheme has the great advantage that it gives a good
approximation to the kinetic energy T s[n] Eq. (2.35), which is an important part of the
total energy.

2.2.6 Approximations to EXC[n]

The approximations for the
exchange-correlation energy
functional Exc[n(r)] reflect the physics
of electronic structure and come from
outside DFT.

Walter Kohn

It doesn’t matter how beautiful your
theory is, it doesn’t matter how smart
you are. If it doesn’t agree with
experiment, it’s wrong.

Richard Feynmann

In order to use the KS density functional method in practice one needs an approxi-
mation to the exchange-correlation energy functional EXC[n] . The most general form
for a quasilocal energy density functional reads,

EXC[n(r)] =

∫

n(r)eXC(r, [n(r
′)])dr (2.49)

where eXC(r, [n(r
′)]) represents an exchange-correlation (xc) energy per particle at the

point r, which is a functional of the density distribution n(r′). For quasi- or semilocal
functionals the function eXC(r, [n(r

′)]) primarly depends on the density n(r′) at points
r′ near r, where ’near’ is a length scale given, e.g., by the local Fermi length k−1

F or the
Thomas-Fermi screening length.
In general, the available functionals can be classified into local, semi-localand non-local.
This classification however, is not universally accepted, since functionals that depend
on semi-local quantities like gradients depend actually on integrated quantities 5 , such
functionals are called ”local” by some authors [60] and ”semi-local”by others [37].

Local Density Approximation

The first proposal for an exchange-correlation (xc) functional was the local density
approximation (LDA), introduced by Kohn and Sham already in the first publication
[30]. The idea is to approximate the exchange-correlation energy locally by that of a
homogenoeus electron gas (HEG) [51,54,63], a neutral electronic system with uniform
density n(r) = n. The xc energy is given as

ELDA
XC =

∫

n(r)eHEG
XC (n(r))dr, (2.50)

5 for example
∫

dr′f(r, r′), where f(r, r′) = ∇(r, r′) is the gradient of some function g(r, r′)
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where eHEG
XC (n) is the xc energy per particle of a uniform electron gas of density n.

Characteristic length scales for the HEG are the Fermi wavelength k−1
F and the Seitz

radius rs. The latter corresponds to the radius of a sphere containing one electron.
The density n of the HEG can be written in terms of these quantities as,

nHEG =
k3F
3π2

=
3

4πr3s
. (2.51)

For the HEG, kinetic and exchange energies per particle can be computed exactly,

tHEG
S [n] =

3

10
(3π2n)

2
3 , (2.52a)

eHEG
X [n] = − 3

4π
(3π2n)

1
3 . (2.52b)

For the correlation energy eC[n] only the high and low density limits are known exactly.
eC[n] can be estimated using parametrizations, the first parametrization was given by
Wigner [46],

eHEG
C Wigner[n] = − 0.44

rs + 7.8
. (2.53)

Other parametrization can be found in [51,54,63,64,64].
The local density approximation was expected to work well only for nearly homogeneous
systems (it is exact for a uniform electron gas), however in practice it has shown to
perform satisfactorily even for systems where the density is not slowly varying. This
issue has been rationalized by the observation that the LDA, being the solution of a
physical system, satisfies many exact conditions (like the sum rule of the xc hole and
the negativity of the exchange hole (see chapter I of Ref. [37] for a detailed study on
exact conditions) of the exact functional. LDA is still nowadays widely used for DFT
calculations. It can also be extended to include the spin dependence. In this case the
corresponding Local Spin Density Approximation (LSD) [30,67] reads,

ELSD
XC [n↓, n↑] =

∫

n(r)eHEG
XC (n↓(r), n↑(r))dr. (2.54)

which is also called SLDA or LSDA and is implemented in most DFT codes.

Gradient Expansion

The first attempts to construct corrections to the LDA are based on electron densities
that vary slowly in space. The starting point is then the HEG and the gradient terms
of the density. Their coefficients are determined from the density response of the HEG
to a weak perturbation. Due to the translational as well as the rotational invariance of
the gas only rather few gradient terms exist in the lowest orders.
We define s and p as measures of density variation and amplitude of density variation,

s =
|∇n|
2kFn

, (2.55)

p =
∇2n

(2kF )2n
, (2.56)

with s being called ’reduced density gradient’. Notice that the slowly varying limit
corresponds to p

s being small.

30



2.2 Ground state Density Functional Theory (DFT)

The Gradient Expansion up to and including fourth-order gradients GE4 can be sum-
marized as,

EGE4
XC =ELDA

XC +

∫

dr B
(2)
XC (n(r)) n(r)

4
3 s2 +

∫

dr B
(4)
XC (n(r)) n(r)

4
3 p2

+

∫

dr CXC (n(r)) n(r)
4
3 s2 p+

∫

dr DXC (n(r)) n(r)
4
3 s4.

(2.57)

In the slowly varying limit p
s → 0, given that the exchange-correlation functional EXC

is universal by HK’s theorem, the Gradient Expansion (GE) reduces to ELDA
XC . In this

way the coeffients of the expansion can be extracted.

The coefficient B
(2)
XC (n(r)) originates from linear response and has been calculated in

an approximation involving the effects of both exchange and correlation. The ex-

change part is constant B
(2)
X (n(r)) = B

(2)
X but the correlation part B

(2)
C (n(r)) needs a

parametrization. The next terms of the gradient expansion have only been computed
in the exchange-only approximation.
The Gradient Expansion Approximation (GEA) [51], [62] to lowest order (i.e. second
order) corresponds to the first two terms in Eq. (2.57).
The kinetic energy in GEA is approximated with the first two terms of the gradient
expansion,

TGEA
s [n] = T LDA

S [n] +

∫

dr BS n(r)
5
3 s2. (2.58)

The first term T LDA
S [n] =

∫

dr n(r) tHEG
S [n] is the kinetic energy of the uniform electron

gas, tHEG
S [n] Eq. (2.52a) and is same time also the Thomas-Fermi approximation (see

section 2.2.1) to Ts[n] for atoms and molecules.
GEA was thought as a correction to LDA for electron densities that vary slowly in
space. However, realistic electron densities are not very close to the slowly varying
limit. It turns out that GEA does not satisfy many of the conditions of the exact EXC

which instead, are satisfied by LDA. For solids GEA most of the times improves the
energy obtained by LDAx (LDA exchange-only), in contrast, for systems with band gap
the energies are worse than the ones computed by LDA [48, 66]. The straightforward
gradient expansion breaks down as soon as a band gap appears. The appearance of a
band gap is actually an extremely non-local property of the system and can never be
predicted from a knowledge of the density or its gradients in one point in space [66].

Generalized gradient and other approximations

More recently, generalized gradient approximations (GGA’s) have become popular in
quantum chemistry. There are several proposals for GGA’s, all of them reproduce in
the limit s → 0 the GEA and are written as some function of the density and its
first gradient, sometimes including a large number of adjustable parameters. These are
subsequently determined by requiring the expression to reproduce nearly exact results
in a number of known cases. The general form of a GGA is given as

EGGA
XC [n(r)] =

∫

fXC(n(r),∇n(r)) n(r)
4
3dr. (2.59)

The basic idea is to fit a function that in the limit s2 → 0 is described by the density
and the gradient of the density only,

lim
s2→0

fXC(n, s) = fXC(n, 0) +
d2fXC(n, 0)

ds2
s2. (2.60)
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The first proposal to improve on the LDA by means of gradients using theoretical
arguments was by Langreth, Perdew and Mehl (LPM) [49, 50]. They studied the xc
energies in reciprocal space by means of Fourier transforms. The xc energies coming
from different regions of momentum space can be connected to the gradients of the
density within linear response theory. In this way one can study the contributions
from different wave vectors both to the LDA (ELDA

XC ) and to the xc energy obtained
by adding the lowest order gradient correction. The LPM theory is based on the Ran-
dom Phase Approximation (RPA). In the LPM scheme it is assumed that the system
under study is dominated by a single length scale approximately given by 1/q where
q = |∇n(r)|/6n(r). The performance of the LPM scheme in solids and molecules is
such that it typically reduces the error in the LDA results by a factor of two. The
results obtained by LPM are better for atoms than for molecules, for the latter there
is an additional characteristic length scale namely the one of the molecular bond.
The Perdew Wang (PW) scheme introduces the idea of the exact conditions that a
xc energy functional needs to acomplish in order to have physical correctness. It in-
cludes some beyond-RPA effects into the LPM scheme. The approach combines real
and reciprocal-space arguments, it defines a cut-off function to ensure the satisfaction
of the sum rule and negativity condition on the xc and exchange holes respectively.
The result was simplified in the PW86 functional [52] for easy use in DFT calculations.
The PW86 functional gives a substantial reduction of the overbinding characteristic of
LDA. A further sophistication lead to the PW91 funtional [54], the latter gives results
of comparable or with slightly better accuracy than PW86 for solids and it performs
well in both finite and infinite systems without being specialized for either application.
An increase in theoretical sophistication led to the PBE functional [55, 56]. From the
theoretical point of view all these approaches are a result of a carefull analysis of xc ef-
fects in a weakly perturbed electron gas (basically linear response theory). The results
are usually superior than LDA.
In a different line Becke developed a semi-phemonological functional [57, 58] by deter-
mining the parameters involved in Eq. (2.59) imposing that the obtained functional
reproduces the exact EXC for a large number of physical systems with rather different
properties with regard to exchange and correlation.
The most widespread functional among chemists is probably the one called B3LYP,
which combines the exchange functional developed by Becke and the one developed by
Lee, Yang and Parr [53] but also incorporates a fraction of exact exchange. In other
words, it belongs to the class of hybrid functionals meaning that some portion of exact
exchange Eq. (2.28c) is mixed into the expression for the xc energy, i.e.

Ehyb
XC [n(r)] = a EEXX

X [n(r)] + (1− a) EGGA
X [n(r)] + EGGA

C [n(r)]. (2.61)

In molecular applications, the B3LYP rather consistently outperforms most other func-
tionals 6.
In addition to the gradient functional dependence, Meta-GGA’s include also the de-
pendence on the laplacian of the density. Some approaches include this dependence
through the kinetic energy density τ(r) = 1

2

∑occ∇2
r |φj(r)|2 [59], leading to

EMeta−GGA
XC [n(r)] =

∫

fXC(n(r),∇n(r),∇2n(r), τ(r)) n(r)
4
3dr. (2.62)

Meta-GGA’s have better ability than PBE to distinguish between molecules having
double and triple bonds.

6 For the performance of B3LYP on metals see Ref. [61]
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2.3 Time-dependent Density Functional Theory (TDDFT)

The extension of ground-state Density Functional Theory to also describe time-dependent
processes is called Time-Dependent Density Functional Theory (TDDFT). It has the
attractive capability of predicting excitation energies from first-principle calculations.
Within TDDFT electronic spectra and electron dynamics reproducing experimental
data can be simulated.
The goal is to simulate the time-evolution of an electronic quantum many-particle sys-
tem with a general Hamiltonian (2.2) with arbitrary time-dependent external potential
V̂ = V̂ (t), solely in terms of the time-dependent electronic density n(r, t). Thus circum-
venting the costly task of computing the time-dependent wavefunction Ψ(r1, r2, .., rN , t)
via the Schrödinger equation,

i∂tΨ(r1, r2, .., rN , t) =
(

T̂ + V̂ee + V̂ (t)
)

Ψ(r1, r2, .., rN , t). (2.63)

Same as in the ground-state Kohn-Sham theory, an auxiliary system of non-interacting
particles, subject to the action of a time-dependent effective potential is used to yield
an estimate of the physical time-dependent density,

n(r, t) = N

∫

|Ψ(r, r2, .., rN , t)|2dr2dr3..drN . (2.64)

TDDFT is not a ground-state theory, we can not rely on the variational principle to
compute the density. Here, the obervables need to be written as functionals of the
time-dependent density Eq. (2.64).

2.3.1 TDDFT basic theorems

The foundation theorem of TDDFT was established by Runge and Gross in 1984 [69].
In analogy to the Hohenberg–Kohn theorem of static DFT, this theorem proves the
existence of a one-to-one map between time-dependent densities n(r, t) and local time-
dependent potentials V (r, t), but there are several differences in the detail. The
Runge–Gross theorem can be stated as follows:

For systems described by Hamiltonians of the form Eq. (2.2) under the action of a lo-
cal, time-dependent potential V̂ (t), the densities n(r, t) and n′(r, t) which evolve from a
common initial state |Ψ(t0)〉 under the action of two local potentials V (r, t) and V ′(r, t)
that are expandable in Taylor series about the initial time t0, are necessarily different,
provided the potentials differ by more than a purely time-dependent (r-independent)
function, that is

V ′(r, t) 6= V (r, t) + c(t). (2.65)

Compared to the Hohenberg-Kohn theorem, section 2.2.2, the Runge Gross (RG)
theorem depends on two hypotheses, which have no analogue in the ground-state theory
[40],

1. n(r, t) and n′(r, t) evolve from the same initial state |Ψ(t0)〉.

2. V (r, t) and V ′(r, t) are expandable in Taylor series in a neighborhood of the initial
time t0.

The first hypothesis leaves open the possibility that two truly different potentials might
yield the same density starting from two different initial states. The ambiguity can be
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removed by choosing the initial state to be the ground-state |Ψ(t0)〉 = |Ψg〉, since for
the ground-state the Hohenberg-Kohn theorem ensures that the density uniquely de-
termines the initial state |Ψ(t0)〉.
The second hypothese has shown to be more formal than practical.
Van Leeuwen [70] has been able to prove an important generalization of the Runge–Gross
theorem, which can be stated as follows:

Let Ĥ(t) and Ĥ ′(t) be two Hamiltonians of the form Eq. (2.2) containing not only
two different time-dependent local potentials V (r, t) and V ′(r.t) but also two different
interactions V̂ee and V̂ ′

ee. Let n(r, t) be the density that evolves from the initial state
|Ψ(t0)〉 under the Hamiltonian Ĥ(t), and let Ψ′(t0) be another initial state with the
same density and the same value of ∇ · j(r, t). Then the time-dependent density n(r, t)
uniquely determines, up to a time-dependent function, the potential V ′(r, t) that yields
n(r, t) starting from |Ψ′(t0)〉 and evolving under Ĥ ′(t).

The Runge-Gross is a special case of van Leeuwen’s theorem with |Ψ(t0)〉 = |Ψ′(t0)〉
and V̂ee = V̂ ′

ee. The relevance of van Leeuwen’s theorem is for V̂ ′
ee = 0, because there

it proves the uniqueness of a map connecting the interacting time-dependent density
n(r, t) with an auxiliary system of non-interacting particles subject to the action of a
local multiplicative time-dependent potential v̂s(r, t), called for obvious reasons time-
dependent Kohn-Sham potential.

2.3.2 Time-dependent non-interacting V -representability

In the original work of Runge and Gross [69] non-interacting V -representability is as-
sumed. Van Leeuwen [70] demonstrated, by explicit construction, that under mild
restrictions on the initial states and boundary conditions such a local multiplicative
potential can always be found. The initial Kohn-Sham state Φ(t0) has to be consistent
with the density and its first time-derivative at t0, that is

nΦ(t0)(r, t0) = nΨ(t0)(r, t0), (2.66a)

∂tnΦ(t0)(r, t0) = n̂Ψ(t0)(r, t0). (2.66b)

The reason is that by virtue of the continuity equation,

∂tn(r, t) = −∇ · j(r, t), (2.67)

the initial interacting state Ψ(t0) determines n(t0) and ∂tn(t0). The form of the external
time-dependent potential V (r, t) in Eq. (2.2) influences only second and higher time-
derivatives of n(r, t). The time-dependent Schrödinger equation implies [70]

∂2t n(r, t) = ∇ [n(r, t) ∇V (r, t)] + q(r, t), (2.68a)

q(r, t) = 〈Ψ(t)| T̂ + V̂ee‖Ψ(t)〉. (2.68b)

And for the Kohn-Sham system

∂2t n(r, t) = ∇ [n(r, t) ∇vs(r, t)] + qs(r, t), (2.69a)

qs(r, t) = 〈Ψ(t)| T̂ |Ψ(t)〉. (2.69b)

Requiring that the density evolution be the same yields the Sturm-Liouville equation

∇ [n(r, t) ∇vHxc(r, t)] = q(r, t)− qs(r, t), (2.70)
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2.4 Excited states from the linear response function

Eq. (2.70) has a unique solution for vHxc(r, t) if n(r, t) and q(r, t) − qs(r, t) are given,
together with the boundary condition that vHxc(r → ∞, t) → 0. Thus a a KS potential
can always be found for any density of the interacting system, provided the initial
conditions are met [72]. A complete proof of existence and uniqueness of the non-linear
time-dependent Kohn-Sham equations in real space is still lacking.

2.3.3 Time-dependent Kohn Sham equations

The time-dependent Kohn-Sham (TDKS) equations provide a practical scheme for the
calculation of time-dependent densities and currents of electronic many-body systems,

i∂tφj(r, t) =

(

−∇2

2
+ vs[n](r, t)

)

φj(r, t). (2.71)

To integrate Eq.(2.71) we choose the KS initial-state Φ(t0) to be consistent with the
initial conditions of the physical system: i.e. at t = 0, Φ(t0) has to reproduce the ini-
tial density n(r, t0) and its first time-derivative ∂tn(r, t)|t=t0 = −∇ · ĵ(r, t). Any Φ(t0)
consistent with the initial conditions is valid but one has to keep in mind that vs(r, t)
depends on this choice, vs(r, t) has initial KS-state dependence vs[n,Φ(t0)]. [38].
The potential vs[n,Φ(t0)] is given by Eq.(2.43) as in ground-state DFT, but now the
external field depends explicitly on time vext(r, t), the Hartree potential depends im-
plicitly on time through the dependence on the density and the exchange-correlation
potential vxc[n,Ψ(t0),Φ(t0)](r, t) depends implicitly on time through its functional de-
pendence on the density and its first time-derivative.
The time-dependent density is computed from the time-dependent KS orbitals as

n(r, t) =

N
∑

j=1

|φj(r, t)|2 (2.72)

If the time-dependent one-to-one map exists every quantum mechanical observable can
be written as a functional of the time-dependent density Eq.(2.72), the choosen inter-
acting initial-state Ψ(t0) and the choosen KS initial-state Φ(t0).
In practice approximations are needed for the single-particle xc potential vxc[n,Ψ(t0),Φ(t0)](r, t)
and for the observables written as functionals of the time-dependent density.

2.4 Excited states from the linear response function

The response of an observable to the action of an external perturbation can be com-
puted using perturbation theory. Response theory is often used to simulate the first
order response of the electronic density n(r, t) to a small change in the time-dependent
external field δV (r′, t′). Provided the external field couples to the density operator the
latter is known as density-density response function χnn(t− t′).
Many experimental results like excitation energies or polarizabilities (from which ab-
sortion spectra can be computed) of atomic and molecular systems require only the
knowledge of the linear density-density response χnn(t− t′) of the system. Regardless
of the regime of the time-dependent process we want to study (if linear or beyond), the
knowledge of the first order response χnn(t − t′) is relevant, since χnn(t − t′) contains
the information of all excitations of the system. Modelling χnn(t − t′) by means of
a system of non-interacting particles, as we will discuss in section 2.4.1, is thus very
challenging.
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Chapter 2: Ground state and time-dependent Density Functional Theory

The first order response χ(r, r′, t, t) is defined as the first order “susceptibility” of the
electronic density to a small time-dependent perturbation δV (r′, t′) acting at t′ > t0

7,

χ[ng](r, r
′, t, t′) =

δn(r, t)

δV (r′, t′)

∣

∣

∣

∣

n=ng

(2.73)

where δn(r, t) = n(1)(r, t) is the first order perturbation in the density,

n(r, t)− ng(r) = n(1)(r, t) + n(2)(r, t) + n(3)(r, t) + ... (2.74)

The linear density-density response function is derived in the appendix 6. In frequency
space it reads,

χn(r)n(r′)(ω) = −i
∑

k

(〈Ψg|n̂(r)|Ψk〉〈Ψk|n̂(r′)|Ψg〉
ω − (ǫk − ǫg) + i0+

− 〈Ψk|n̂(r)|Ψg〉〈Ψg|n̂(r′)|Ψk〉
ω + (ǫk − ǫg) + i0+

)

(2.75)
where the subindex k labels the interacting excited states.
The poles of χn(r)n(r′)(ω) are the excitation energies of the system, and the residues are
the strengths of the transitions.

2.4.1 Kohn-Sham linear response function

Despite the local nature of the effective single-particle potential vs[n](r, t) , the full so-
lution of the time-dependent Kohn-Sham equations Eqs. (2.71) can be quite demanding
for very large systems [45]. On the other hand, the first order density-density response
function Eq. (2.75) is commonly very costly to compute exactly. Fortunately, linear
response TDDFT provides us with an alternative scheme to compute an estimate of
the physical density response with a relatively low computational effort. By virtue of
the one-to-one map between the time-dependent density n(r, t) and the multiplicative
single-particle KS potential vs[n](r, t), postulated in the TDDFT theorems of Runge-
Gross [69] and van Leeuwen [70] and discussed in section 2.3.1, the linear density re-
sponse function of the interacting system Eq. (2.73) can be related to the linear density
response function χs[ng](r, r

′, t, t′) of the KS system,

δn(r, t) =

∫

χ[ng](r, r
′, t, t′)δV (r′, t′)dr′dt′

=

∫

χs[ng](r, r
′, t, t′)δvs(r′, t′)dr′dt′

(2.76)

with

χs[ng](r, r
′, t, t′) =

δn(r, t)

δvs(r′, t′)

∣

∣

∣

∣

n=ng

(2.77)

In this way TDDFT provides a practical scheme to compute approximate spectra that
can be compared to experiments. The success of this scheme is reflected in the wide
use of TDDFT to simulate optical and vibrational spectra [38, 69].
Notice that we can rewrite Eq. (2.77) as χs

n(r),n(r′)(τ) in a similar way as Eq. (2.75)

with replacements 〈Ψg|n̂(r)|Ψk〉 → 〈ϕk(t0)|n̂(r)|ϕk′(t0)〉 where |ϕk,k′(t0)〉 are KS or-
bitals. Given that the density operator is a one-body operator, it can only connect

7 we assume that the system is in its ground-state before applying the perturbation, thus n(t ≤

t0) = ng.
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2.4 Excited states from the linear response function

a state |ϕk(t0)〉|ϕk′(t0)〉 with another state that differs from the first at most in one
KS orbital, i.e. the final state is reached starting at |ϕk(t0)〉|ϕk′(t0)〉, by performing a
single-excitation. In contrast, the interacting linear response function Eq. (2.75) con-
tains the poles for the multiple-particle excitations, since the many-body state |Ψk〉 can
be written as a sum of slater determinants for singles, doubles,.., N -particle excitations.
8.

χs
n(r)n(r′)(ω) = −i

∑

k

(fk−fg)
(〈ϕg|n̂(r)|ϕk〉〈ϕk|n̂(r′)|ϕg〉

ω − (ǫsk − ǫsg) + i0+
− 〈ϕk|n̂(r)|ϕg〉〈ϕg|n̂(r′)|ϕk〉

ω + (ǫsk − ǫsg) + i0+

)

(2.78)
where the term (fj) is 1 for occupied KS orbitals and 0 otherwise, the term (fk − fg)
ensures that only unoccupied KS states contribute to the response.

Exchange-correlation kernel

For most spectroscopy experiments, perturbation theory applies. Instead of needing
knowledge of vxc[n] for densities that are changing significantly with time, me need
only to know vxc[n] for densities close to that of the initial state, which we take to be
a nondegenerate ground-state ng(r) [38].

vxc[ng(r)+δn(r, t)](r, t) = vxc[ng(r)](r)+

∫

dt′
∫

dr′fxc[ng](r, r
′, t−t′)δn(r′, t′) (2.79)

where δn(r, t) corresponds to the first term in Eq. (2.74) and fxc[ng] is the exchange-
correlation kernel. fxc[ng] is more manageable than vxc[ng(r) + δn(r, t)](r, t), because
it is a functional of the ground-state density alone.

fxc[ng](r, r
′, t− t′) =

δvxc(r, t)

δn(r′, t′
)

∣

∣

∣

∣

n=ng

(2.80)

Eq. (2.76) yields a Dyson-like equation

χ(r, r′, ω) = χs(r, r
′, ω)+

∫

dr1

∫

dr2 χs(r, r1, ω)

(

1

r1 − r2
+ fxc(r1, r2, ω)

)

χ(r2, r
′, ω)

(2.81)
where all objects are functionals of the ground-state density 9. Eq. (2.81) relates exci-
tations and response of the KS system to those of the interacting system. To find an
approximation to the true interacting linear response χn(r)n(r′)(ω) from Eq. (2.81) via
the KS linear response one needs to perform two succesive approximations:

• solve the ground-state problem using an approximation to vXC(r) and find KS
excitated states and excitation energies.

• use an approximation to fxc[ng] to correct the position of the excitations towards
the true ones.

In addition to these two approximation when computing numerically the Dyson-like
equation Eq. (2.81) one needs to truncate the space (as a first approximation one
replaces χ(r2, r

′, ω) by χs(r2, r
′, ω) on the left hand side).

8 Implications for the description of double excitations within TDDFT will be discussed in section
4.2.2.

9 the term
(

1
r1−r2

+ fxc(r1, r2, ω)
)

can be understood as a sort of “self energy” (not strictly) [38].
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Chapter 2: Ground state and time-dependent Density Functional Theory

2.5 Adiabatic approximation

To compute the time-dependent electron wavefunction via the time-dependent Schrödinger
equation one needs to fix an initial condition, the same is true for the solution of the
TDKS equations of TDDFT: the one-to-one mapping between time-dependent den-
sities and KS single-particle time-dependent potentials vs(r, t) discussed in section
2.3.1 holds for given initial states of the interacting system Ψ(t0) and of the KS non-
interacting system Φ(t0). Thus the exact xc functional depends on the initial state
of the interacting system Ψ0 and on the initial state of the KS system Φ0, namely
vXC(r, t) = vXC[n(r, t),Ψ(t0),Φ(t0)] [38]. The dependence of the xc functional on the
density at prior times may be transformed into an initial state dependence and vice
versa [39].
The adiabatic approximation assumes that the non-equilibrium density n(r, t) at time
t is a ground-state density and the corresponding ground-state potential is used for the
evolution

vadiabXC [n,Ψ0,Φ0] = vgsXC[n(r, t)]. (2.82)

The whole history-dependence is lost when using a ground-state functional as obvi-
ously a ground-state functional does not depend on any time-derivative of the density.
Nowadays TDDFT calculations use an adiabatic approximation, that is the instanta-
neous density is plugged into a ground state functional. The time-propagation using an
adiabatic approximation disregards both memory and initial-state-dependence of the
exact functional. Conceptually the adiabatic approximation is to consider that at each
time t the density is a ground state density.
The exchange-correlation kernel fXC[ng] is approximated using an adiabatic approxi-
mation, which in frequency space traduces into a kernel that does not depend on the
frequency fXC[ng](r, r

′, ω = 0). The adiabatic local density approximation (ALDA)
kernel is local both in space and time,

fALDA
XC [ng](|r− r′|, |t− t′|) = d2eLDA

XC [n]

d2n2
δ(r− r′) δ(t− t′)

∣

∣

∣

∣

n=ng

, (2.83)

Using a semi-local or hybrid functional in adiabatic approximation (for example AGGA,
APBE, AB3LYP, etc) to compute the xc kernel results in a non-local in time , semi-́local
or hybrid in space approximation to the linear KS response, χs(r, r′, |t− t′|).

2.5.1 Adiabatically-exact functional

The exact time-dependent exchange-correlation (xc) potential vXC(r, t) functionally de-
pends on the density and on all its derivatives (both in space and in time): it depends
on the density at all points in space and on the whole history of the density, i.e. it is
non-local in space and non-local in time.
The adiabatically-exact xc functional vadia−ex

XC [n(r), t] corresponds to the exact xc func-
tional when plugging in the instantaneous density n(r, t). It is a very valuable tool to
address the impact of the adiabatic approximation on the dynamics, it is exact except
for the adiabatic approximation, i.e. it has the correct space-dependence, the only dif-
ference with respect to the exact time-dependent xc functional is that it is local in time.
An exact adiabatichxc potential has been found numerically for 2-electron systems in
real space [5,6,188], the scheme consists basically in finding for each time t the external
potential for which the interacting density n(r, t) is the ground-state. However this
procedure assumes one knows the density n(r, t) of the system at each time, which
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most times is actually what we are looking for.
In section 3.4.2 we present the exact adiabatic xc functional for the 2-site Hubbard
model, consisting in the adiabatic propagation of the TDKS equations with the exact
xc ground-state functional. The latter is found by Levy-Lieb constrained search which
was introduced in section 2.2.4.

2.6 Light-matter interaction: How much can be captured

within TDDFT? From QED to the Schrödinger and

Kohn-Sham equations.

We know very little, and yet it is
astonishing that we know so much,
and still more astonishing that so
little knowledge can give us so much
power.

Bertrand Russell

In condensed matter and quantum chemistry the kind of systems we are interested
in are fermionic systems interacting with external electromagnetic fields, vibrational
modes of the ionic potential, other neutral or charged particles, solvants, etc. In all the
afore mentioned cases the underlying physics is that of a Coulomb system interacting
via the electromagnetic field. The fully relativistic, quantum-mechanical description of
such a dynamical problem requires a Quantum Field Theory, in particular the problem
is described accurately within Quantum Electrodynamics (QED).
In order to address the question on how much of the physics of light-matter interaction
can be captured within Density Functional Theory it’s important to recall that, even
in the best scenario, thus when the time-dependent density is interacting and non-
interacting V -representable and we know the exact exchange-correlation functional,
the Runge-Gross theorem ensures that TDDFT reproduces, for a restricted set of al-
lowed external potentials 10 (which do not include vector potentials with non-zero
transverse component), the many-body observables computed from the solution of the
time-dependent Schrödinger equation. However, the time-dependent Schrödinger equa-
tion is non-relativistic. An attempt to build a relativistic quantum theory yileds the
Dirac equation, which is Lorentz invariant. However the Dirac equation has the prob-
lem that it allows for negative probability densities. This problem can be solved by
introducing the possibility of creating and anihilating particles (second quantization),
thus rendering the theory into a Quantum Field Theory.
In appendix 7 we discuss the degrees of freedom that are approximated or ignored when
we describe the interaction of a Coulomb system with an external quantum field within
Quantum Mechanics. In the same appendix we briefly discuss some of the extensions
to standard TDDFT that have been developed so far to trigger a more complete and
accurate description of electron dynamics within a functional theory (not necessarly
a Density Functional Theory). Extensions to standard TDDFT aiming to achieve a
more complete description of the light-matter interaction problem might not use the
time-dependent density as main variable, therefore they require new existence and
uniqueness theorems for the one-to-one mappings involved.

10 The time-dependent potentials are required to be Taylor expandable around the initial time t0.
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We also present an approach to study the problem of a Hydrogen atom interacting with
a photon field by means of QED.

2.7 Lattice models

A lattice as a discrete system differs from a real space system in that the spectrum of
a real system is always infinite while a discrete system has a finite Hilbert space.
A considerable formal simplification can be achieved by rewriting the real-space Hamil-
tonian Eq. (2.2) in the occupation number representation (second quantization formal-
ism).
Second quantization is used in the context of quantum field theories, where particles
can be created and destroyed. The particle number N within this formalism is not con-
served. But it can be fixed with means of the chemical potential µ, by substracting from
the Hamiltonian Eq. (2.2) a term of the form µN̂ . The second quantized Hamiltonian
is equivalent to the first quantized one after N is fixed. Thus a discretized Hamiltonian
in the finite-differences representation can be mapped onto a second quantized lattice
Hamiltonian with fixed number of particles N . Next, we briefly argue how to connect
density and occupation number for a one-dimensional fermionic system.
The spatial representation of the one-dimensional density operator for a state with N
particles is given by

n̂(z) =
N
∑

i=1

δ(z − ẑi). (2.84)

After discretization its expectation value reads,

n(ℓ) = N

L
∑

x2,...xN=0

|Ψ(ℓ, . . . xN )|2ξ(N−1). (2.85)

where ξ is the lattice spacing and L is the number of sites of the lattice. Notice
that n(ℓ) is a particle density, with dimensions L−1, while the occupation at site ℓ is
dimensionless, they are related simply by the ξ factor,

n̂ℓ =
1

ξ
ĉ†ℓ ĉℓ (2.86)

The spacing ξ is encoded in the kinetic term of the Hamiltonian, for a discrete sys-
tem in first quantization the dependence is explicit since the kinetic operator contains
the spacing in the denominator, in second quantization the spacing is encoded in the
hopping term T .

2.7.1 Tight binding models

Lattice models in solid-state physics are inspired by the tight-binding model, closely
related to the LCAO (linear combination of atomic orbitals) method commonly used
in quantum chemistry. The tight binding approximation assumes the crystal potential
is strong (the ionic potential is strong), such that each electron is tightly bound to one
ion and interacts little with the surrounding ions and the rest of the electrons.

The crystal Hamiltonian in the vicinity of each lattice point is approximated by the
Hamiltonian of a single atom (or molecule), located at the lattice point. The bound
levels of the atomic Hamiltonian are assumed to be well localized, the spectrum of
the ”single atom” placed in each lattice point is truncated to meet this condition. The
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hopping parameters Tj between neighbour sites are computed from the overlap between
the electronic wavefunctions (transfer integrals).
For a finite one-dimensional chain of L atoms with two non-degenerate levels α, which

may be understood as s and p levels, the tight-binding Hamiltonian reads [92]

Ĥ =

L
∑

i=1

2
∑

α=1

ǫiαn̂iα +

L
∑

i=1

(

T1 ĉ
†
i,1ĉi−1,1 + T2 ĉ

†
i,2ĉi−1,2 + T3 ĉ

†
i,2ĉi−1,1 − T3 ĉ

†
i,1ĉi−1,2 +H.c.

)

+
(

T4 ĉ
†
L,2ĉ1,1 + T5 ĉ

†
1,2ĉL,1 +H.c.

)

(2.87)

where ǫiα is the energy of the α level (i.e., s or p) on the ith atom. If T1 < 0, T2 > 0 and
T3 > 0, we can interpret the terms containing T1, T2 and T3 as s-s, p-p and s-p hopping,
respectively. The terms containing T4 and T5, which connect the end points, have been
introduced to remove some degeneracies. n̂iσ = ĉ†iαĉiα is the site-occupation operator

and ĉ†iα, ĉiα are the creation/anhilition operators from second quantization formalism
(see section 2.7).
To describe an impurity on the site i = i1 we make the replacement ǫi1α → ǫi1α −∆V .
In this model the energy levels ǫiα play the role of the external potential vext(r) in the
continuos representation of DFT.

2.7.2 TDDFT on a lattice

As discussed in section 2.3.1, TDDFT postulates that, given an N -electron interacting
system with initial state Ψ(t0), its time-dependent density n(r, t) can be reproduced by
an auxiliary system of non-interacting particles moving in a td single-particle potential
vs[n(r, t),Φ(t0)].
In section 2.3.3 we have seen that the TDDFT map between td densities n(r, t) and td
single-particle potentials vs[n(r, t),Φ(t0)] yields the Kohn-Sham differential equations,
a set of N non-linear Schrödinger equations for single-particle orbitals φj(t),

− i∂t|φj(t)〉 =
(

T̂ + v̂s[n(r, t),Φ(t0)](t)
)

|φj(t)〉, (2.88)

where the subindex j runs over the number of electrons j = 1...N . The N -electron KS
wavefunction |Φ(t)〉 is the direct product of the one-particle states,

|Φ(t)〉 = |φ1(t)〉 ⊗ |φ2(t)〉 ⊗ ..⊗ |φN (t)〉. (2.89)

For a lattice system like the one we study here, the main variable of the theory (Lattice
TDDFT) is the expectation value of the on-site occupation operator n̂i(t) presented in
section 2.7,

ni(t) = 〈Φ(t)|n̂i|Φ(t)〉, (2.90)

where n̂i =
∑

σ ĉ
†
i,σ ĉi,σ is the site-occupation operator and σ = {↑, ↓} is the spin. The

single-particle states |φj(t)〉 are written in the L-site basis as,

|φj(t)〉 =









ϕ1
j (t)

ϕ2
j (t)

..
ϕL
j (t),









(2.91)
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where ϕ1,2,..,L
j represent the probability amplitudes of finding an electron at site {1, 2, ..., L}.

The KS potential is an on-site potential vsi , where i = 1...L is the label of the site.
For ground-state lattice DFT every strictly positive, properly normalized density con-
sistent with the Pauli principle is V -representable, it is ensured by the finite difference
representation of the kinetic operator T̂ [91, 93].
Time-dependent non-interacting V -representability on a lattice (proof of existence and
uniqueness for the N non-linear Schrödinger equations (2.88)) can be proven under
fullfilment of certain conditions by ni(t) (see Ref. [96] for details).
Within lattice DFT, since space and density are discrete, the KS potential is not a
functional but a function of the density, vsi (nk(t),Φ(t0)). The exact KS potential yields
the exact interacting td density ni(t), however in practice approximations are used.
The exchange-correlation functional of lattice TDDFT reads,

vxc
i (nk(t),Ψ(t0),Φ(t0)) = vsi (nk(t),Φ(t0))− vexti (t)− vH

i (nk(t)), (2.92)

a functional of the density nk(t) at all points in space and time, the initial interact-
ing state Ψ(t0) and the initial non-interacting KS state Φ(t0). The exact exchange-
correlation (xc) potential vXC

i (nk(t),Ψ(t0),Φ(t0)) is universal, i.e. for fixed kinetic T̂
and interaction V̂ee operators, it is valid for any arbitrary local external potential vexti (t).
The functional form of the Hartree potential vH

i (nk(t)) is known explicitly and vexti (t)
is given by the problem at hand.

2.8 Numerical details

There exist several ab-initio codes that simulate properties of fermionic systems within
Density Functional Theory. Some work in real, others in Fourier space and in each case
they differ also in the basis functions used to construct the KS wavefunctions and in
the implemented propagation schemes. In this thesis we use mainly the open-source
code [191,192], designed to compute ground-state and dynamical properties of fermionic
systems in real-space.
In all cases except for the LiH molecule presented in section 3.3.4 we work in one

dimension, which significantly reduces the computational cost, in particular, simple
numerical integration techniques can be used. For the calculations presented in this
thesis we used a regular real-space grid with spacing at most 0.2 a.u.and simulation box
at most 100 a.u. length. Spacing and box-size were choosen following a convergence
test based on the stability of total energies. Higher excited states require bigger box-
sizes since they are more delocalized in space.
The ground-state Hamiltonian , Eq. (2.2), can be solved exactly in one dimension for
up to N = 4 interacting electrons, by considering the problem as a single electron in a
complicated N -dimensional potential (see section 3.1). In this way exact total energies,
eigenvalues and wavefunctions of ground and excited-states can be computed. The
density n(x) is then found from Eq. (2.1) by tracing over all other variables except x.
Both exact and Kohn-Sham ground-state Hamiltonians were diagonalized in octopus.
Time-dependent calculations to find the density and current were done by three different
methods. The first is, again, octopus, which can perform many different propagation
schemes. For these calculations we mainly used approximate enforced time-reversal
symmetry (AETRS) and Crank-Nicholson propagators and forth order in the Taylor
expansion of the time-evolution operator. Time-steps were choosen to be the largest
possible to properly converge. Convergence tests were performed by checking stability
of the total energy and conservation of charge. Time-steps ranging from 0.025 to 0.001
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where used in the real-time propagations with octopus.
The second method is an in-house code utilizing the exponential mid-point rule to
approximate the time-evolution operator and again a forth order expansion of the
exponential. A discussion of these techniques can be found in Ref. [108]. Within this
code the stationary states are found by imaginary-time propagation. A 9 point finite-
difference rule is used for the laplacian. In this case, a time-step of 0.001a.u. was used.
The time-propagation performed by this second method agrees with the one computed
in octopus, both methods are exact.
The third and final method is Mathematica [110], which was used to find the coeffi-

cients ag(t) and ae(t) of the wavefunction in the two-level models. To verify accuracy,
these coefficients were also computed with a coupled 4th order Runge-Kutta algorithm.
The current, j(x, t), was extracted from the wavefunction via standard center-space
2 point finite-difference for the first derivative. The calculated densities and currents
from the two-state model agree with the exact propagation from octopus up to some
small deviations in the low-density tail regions where higher states which are slightly
populated by the oscillating field become dominant. This is to be expected and the
calculated potentials are not significantly affected in these regions.
The exact time-dependent Kohn-Sham potential is found from the density and current
using Eq. (4.95). The first two terms are given by applying the 9-point finite-difference
laplacian to the square-root of the density, then dividing by the density. Obviously care
must be taken here to avoid numerical noise if the density is too small. Similarly for
the local velocity u(x, t) = j(x, t)/n(x, t). Standard numerical integration are used to
calculate the last term of Eq. (4.95), and for the Hartree potential needed in Eq. (4.96)
to extract the exact exchange-correlation potential.
The adiabatically-exact xc potential is found using Eq. (4.99). The only missing piece is
to find the external potential for which a given density is the ground-state. We use the
method given in Refs. [188,189] (and refs. therein) whereby a trial potential is updated
based on the difference between the ground-state density and the target density with
a prefactor than can have spatial-dependence (Eq. (6) in [188]). This is then iterated
until convergence. A measure of the difference between the calculated ground-state
density for the k-th iteration cycle, n(k)(x), and the target density, n(x),

∆ =

∫

|n(k)(x)− n(x)|dx (2.93)

is calculated as the check for convergence. Imaginary time-propagation is used to find
n(k). Anecdotally we have found that a prefactor of 0.001/∆ converges relatively quickly
but this depends heavily on the initial guess for the potential. A weighting based on
the inverse of the density was also used to speed up convergence in certain regions.
The charge-transfer problem is particularly demanding as it requires convergence in
regions with low density in order to resolve any peak and/or step structure. Often a
large peak in vadiaext [n] will cancel a peak in vadiaS [n] and so care is needed to ensure
convergence is reached and the calculated potential is smooth.

For the 2-site Hubbard model of sections 3.4 and 4.3.4 an in-house developed code was
used. The latter is written in second quantization formalism and works in the Fock-
space of the 2-site lattice model. It performs ground-state calculations as well as real-
time propagations for the interacting problem and several approximate xc potentials
have been implemented for the DFT/TDDFT calculations. The code is available at
http://nano-bio.ehu.es .
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3 Ground-state: new functional
developments

I believe there is no philosophical
high-road in science, with
epistemological signposts. No, we are
in a jungle and find our way by trial
and error, building our road behind
us as we proceed.

Max Born

I like people who are working on
practical things and who are working
in teams. It’s not so important to get
the glory. It’s much more important
to get something that works. It’s a
better way to live.

Freeman Dyson

In this chapter we develop different ground-state functionals. We study their accu-
racy to compute ground-state energies and densities, ionization potentials, excited-state
energies, potential energy surfaces (PES) and dissociation curves of molecules.
In section 3.1 we introduce exactly solvable one-dimensional (1D) model systems in
real-space. They are meant to mimic “1D atoms” and “1D molecules” for which we
investigate different aspects of the exchange-correlation functionals of DFT. Having
access to the exact solution allows to assess and quantify the performance of different
approximate functionals.
In section 3.2 we present a parametrization for the 1D spin local density approximation
(1D-SLDA 1) functional which was obtained from the results of quantum Monte Carlo
simulations. The results are similar to the performance of the famous three-dimensional
(3D) LDA.
In section 3.3 we propose a spin-symmetry broken exchange-correlation functional which
predicts surprisingly good charge-transfer energies. The quality of the functional is
illustrated for 1D molecules and in 3.3.4 also for 3D molecules computed using pseudo-
potentials.
In section 3.4 we introduce the 2-site Hubbard model and in section 3.4.1 derive the ex-
act ground-state Hartree-exchange-correlation energy functional for this model, found
using the Levy-Lieb constrained search method that we have introduced in section 2.2.4
In chapter 4 we will assess the quality of the functionals developed in this chapter to
describe linear and non-linear responses within the adiabatic approximation.

1 notice that SLDA is sometimes also called LSDA or LSD.
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Chapter 3: Ground-state: new functional developments

3.1 Exactly-solvable few-electron systems in one dimension 2

The Hamiltonian for N electrons in three spatial dimensions in Born-Oppenheimer
approximation is given by Eq. (2.3a-2.3b). For one-dimensional systems the vector po-

sitions of electrons and the Laplacian become scalars (rj ,∇2) → (xj ,
d2

dx2
j

), i.e.

H =
N
∑

j=1

[

− d2

2dx2j
+ V (xj)

]

+
1

2

N
∑

j,k=1
j 6=k

Vee(xj , xk). (3.1)

In one spatial dimension the singularity of the ordinary Coulomb interaction prevents
electrons from passing the position of the singularity, both in the attractive and repul-
sive case. In order to avoid this unphysical behavior of the full Coulomb interaction we
employ the so called soft-Coulomb interaction

Vee → Vsoft−C(x1, x2) =
1

√

a2 + (x1 − x2)2
(3.2)

instead [103]. Here, a is the usual softening parameter. Unless stated explicitly other-
wise, we use a = 1 for all our calculations.
Eq. (3.1) is used to mimic atoms and molecules in one dimension. Soft-Coulomb models
in one dimension have been extensively used in the literature both to study exact prop-
erties of the xc functionals [100, 101] and to study strong-field dynamics [102]. They
have been extremely useful in the strong-field regime since they allow for numerically
accurate solutions to problems involving correlated electron dynamics as well as corre-
lated electron-nuclear dynamics that would be computationally far more demanding for
full three-dimensional atoms and molecules, while still capturing the essential physics of
the latter. For small molecules Refs. [102] show that the one-dimensional soft-Coulomb
models correctly reproduce the observed phenomena in the real systems.

Mathematically, it is straightforward to show that the Hamiltonian (3.1) is equivalent
to a Hamiltonian for a single particle in N dimensions moving in an external potential
V

VNdim(x1...xN ) =

N
∑

j=1

V (xj) +
1

2

N
∑

j,k=1
j 6=k

Vee(xj , xk), (3.3)

consisting of all the contributions from V and Vee. The corresponding Schrödinger
equation can, hence, be solved by any code which is able to treat non-interacting
particles in the correct number of dimensions in an arbitrary external potential.

Due to the Hamiltonian being symmetric under particle interchange, xj ↔ xk, the
solutions of the Schrödinger equation can be classified according to irreducible repre-
sentations of the permutation group. For the simplest case of two interacting electrons
both the symmetric and antisymmetric solutions are valid corresponding to the singlet
and triplet spin configurations, respectively. For more than two electrons one needs
to separately ensure that the spatial wave function is a solution to the N -electron
problem. For example, a totally symmetric spatial wave function is a correct solution
for a single particle in N dimensions, however, for N > 2 there is no corresponding

2 This section is part of the article Time-dependent density-functional and reduced density-matrix

methods for few electrons: Exact versus adiabatic approximations, Chemical Physics 391, 1 - 10
(2011) ,by N. Helbig, J.I. Fuks, I.V. Tokatly, H. Appel, E.K.U. Gross and A. Rubio
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Figure 3.1: Possible standard Young diagrams for the spatial part of the wave func-
tion for two [figures a) and b)] and three [figures c) to e)] electrons. There
are maximally two columns in each diagram, one for each spin direction.
Figures a) and b) correspond to the two electron singlet and triplet, respec-
tively. For diagram c) the wave function is symmetrized for particles 1 and
2 and antisymmetrized for 1 and 3, while for diagram d) the symmetriza-
tion is with respect to particles 1 and 3 and the antisymmetrization with
respect to 1 and 2. For diagram e) the wave function is antisymmetrized
with respect to the interchange of any two particles.

spin function such that the total wave function has the required antisymmetry to be
a solution of the N particle problem in 1D. We solve this problem by symmetrizing
the solutions according to all possible fermionic Young diagrams for the given particle
number N [42]. Fig. 3.1 shows all possible standard Young diagrams for the spatial
part of the wave function for two and three electrons. As the spin of the electron is 1/2
the Young diagrams for the spin part can maximally have two rows, one for each spin
direction. The Young diagrams for the spatial part of the wave function are then given
as the transpose of the respective spin diagram and, hence, have at most two columns.
For two electrons there exist two diagrams corresponding to the singlet (Fig. 3.1 a)
and triplet (Fig. 3.1 b) configurations. For three electrons, there exist two diagrams
with two electrons in one spin channel and the remaining electron in the other channel
(Fig. 3.1 c and d) and one diagram with all electrons having the same spin (Fig. 3.1 e).

In practice, we solve the Schrödinger equation in N dimensions and then symmetrize
each solution according to the Young diagrams for the given particle number. If none
of the Young diagrams yields a non-vanishing solution after symmetrization the state
does not describe a solution for spin 1/2 particles and is discarded. If a state yields a
non-vanishing contribution for a given diagram the appropriately symmetrized state is
normalized and used in further calculations.

The solution of higher dimensional problems within these symmetry restrictions has
been implemented in the octopus computer program [109,191,192]. The lowest energy
solution is found to be purely symmetric and is, therefore, for N > 2, discarded. With
increasing number of electrons we also observe an increasing number of states which
do not satisfy the fermionic symmetry requirements.

3.1.1 Potential due to the nuclei

The potential due to the nuclei Eq. (2.3c) is modeled by a soft Coulomb interaction
Eq. (3.2) between the electron and the ions,

V nuc
soft−C(|xj −Rk|) = − Zk

√

a2 + (xj −Rk)2
(3.4)

where Rk is the position of the k-nucleus with atomic charge Zk and xj is the position of
the j-electron. In section 3.3 of this chapter we will tune the soft-Coulomb parameter a
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Chapter 3: Ground-state: new functional developments

in the electron-nucleus interaction Eq. (3.4) in order to mimic a charge transfer between
open-shell fragments.
For some of the studies where the aim is to mimic neutral molecules we use the short-
ranged cosh-squared interaction for the nuclear potential,

V nuc
cosh(|xj −Rk|) = − Uk

cosh2(xj −Rk)
. (3.5)

where Uk is a tuneable parameter that models the effective charge of the well. While
the soft-Coulomb potential Eq. (3.4) decays assymptotically far away from the nucleus
as vnuc

soft−C(r → ∞) = −Z
r (similar to the true atomic potential in 3D), the tail of the

cosh-squared well Eq. (3.5) decays exponentially as vnuc
cosh(r → ∞) ∝ e−Uk r.

Eq. (3.5) allows for an analytic solution for the wavefunctions and eigenenergies of the
Hamiltonian [35], fact that we will profit when we study double excitations in section
4.2.2.kill

3.2 Local density approximation 3

We develop a new local density approximation (LDA) for one-dimensional (1D) systems
interacting via the soft-Coulomb interaction. The construction of this functional is
based on quantum Monte-Carlo simulations [136]. Results for the ground-state energies
and ionization potentials of finite 1D systems show excellent agreement with exact
calculations.
As a result of reducing the number of dimensions, we need to use an appropriate

functional for performing the DFT calculations. While any orbital functional can easily
be transferred between dimensions, density functionals based on a specific form of the
interaction need to be recalculated. This affects the most common functional, i.e.
the local density approximation, available only for the normal Coulomb interaction in
two and three dimensions [30,125], an effective Coulomb interaction of a harmonically
confined wire [126,127], and some other ad-hoc 1D models [128–130]. In this work, we
present and use a parametrization of the 1D LDA obtained from quantum Monte-Carlo
simulations, which are exact in 1D, using the soft-Coulomb interaction in Eq. (3.2).
We assess the quality of the approximation in calculating ground-state properties for
various 1D model systems.

3.2.1 Ground and excited state energies

The correlation energy of the LDA is parametrized in terms of the Seitz radius rs
Eq. (2.51) and the spin polarization ζ = (N↑ −N↓)/N in the form

ǫc(rs, ζ) = ǫc(rs, ζ = 0) + ζ2 [ǫc(rs, ζ = 1)− ǫc(rs, ζ = 0)] (3.6)

with

ǫc(rs, ζ = 0, 1) = −1

2

rs + Er2s
A+Brs + Cr2s +Dr3s

× ln(1 + αrs + βrms ),

which proved to be very accurate in the parametrization for other 1D systems with a
different long-range interaction [126]. Note that the additional factor of 1/2 is due the

3 This section is part of the article Density functional theory beyond the linear regime: Validating

an adiabatic local density approximation,Phys. Rev. A 83, 032503 (2011) , by N. Helbig, J.I. Fuks,
M. Casula, M. J. Verstraete, M. A. L. Marques, I. V. Tokatly and A. Rubio
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3.2 Local density approximation

a = 1.0
ζ = 0 ζ = 1

A 18.40(29) 5.24(79)
B 0.0 0.0
C 7.501(39) 1.568(230)
D 0.10185(5) 0.1286(150)
E 0.012827(10) 0.00320(74)
α 1.511(24) 0.0538(82)
β 0.258(6) 1.56(1.31) · 10−5

m 4.424(25) 2.958(99)

av. error 6.7 · 10−5 3.3 · 10−5

Table 3.1: Values of the LDA correlation energy parametrization in Eq. 3.7 for the
most widely used case a = 1 in Eq. (3.2). The parametrization is reported
for both unpolarized (ζ = 0) and fully polarized (ζ = 1) systems. The error
on the last digits is given in parenthesis, while the average error (in Hartree)
in the full density range is given in the last row.

use of Hartree atomic units. To obtain the exact high-density result, known from the
random-phase approximation [127], i.e.

ǫc(rs → 0, ζ = 0) = −4/(π4a2) r2s , (3.7)

ǫc(rs → 0, ζ = 1) = −1/(2π4a2) r2s (3.8)

to leading order in rs, we fix the ratio α/A to be equal to 8/(π4a2) and 1/(π4a2) for
ζ = 0 and ζ = 1, respectively. In both cases the exponent m is limited to values
larger than 1. As a result, the number of independent parameters in the function (3.7)
is reduced to 7. In addition, for a = 1 the denominator can be simplified by setting
B = 0.0 without loss of accuracy. The optimal values of the parameters for a = 1
are reported in Tab. 3.1, and implemented in the octopus program [109,191,192]. For
more details on the 1D QMC methodology and the parametrization procedure we refer
to Refs. [126,127].

As a first test, we calculated the ground-state energies of small atomic systems, for
example, a 1D Helium atom with Zk = 2 in Eq. (3.4) and two electrons which interact
via the soft-Coulomb interaction. The ground-state energies and ionization potentials
from the exact and unpolarized LDA calculations are given in Tab. 3.2. We include
all possible systems with one, two, three and four electrons in our test. For open-
shell systems, we additionally performed a spin-DFT (SLDA) calculation, where the
xc energy was spin dependent according to Eq. (3.6). All atomic calculations were
performed in a box ranging from -8 to 8 a.u. with a spacing of 0.2 a.u. the accuracy is
stated by the number of digits given in the table.
As we can see, the LDA total energies for the neutral and positively charged sys-

tems agree very well with the exact results. As expected, the spin-resolved calculations
further improve the agreement for the open-shell systems. As a result, the ionization
potentials, calculated as the difference of the total energies of the N and the N−1 elec-
tron systems, from the (S)LDA and the exact calculations agree almost perfectly. The

largest Kohn-Sham eigenvalue ǫ
(S)LDA
HOMO only partially accounts for the total ionization

potential, i.e. the 1D LDA violates this known property of the exact functional [131].
The good agreement for the positively charged systems is not reproduced for negatively
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Etotal IP

Exact LDA SLDA Exact (S)LDA ǫ
(S)LDA
HOMO

H −0.67 −0.60 −0.65 0.67 0.65 −0.41
He −2.24 −2.20 0.75 0.75 −0.48
Li −4.21 −4.16 −4.18 0.31 0.33 −0.18
Be −6.78 −6.76 0.33 0.35 −0.16
He+ −1.48 −1.41 −1.45 1.48 1.45 −1.18
Li+ −3.90 −3.85 1.56 1.55 −1.24
Be+ −6.45 −6.39 −6.41 0.83 0.85 −0.63
Li2+ −2.34 −2.25 −2.30 2.34 2.30 −2.00
Be2+ −5.62 −5.56 2.41 2.38 −2.06
Be3+ −3.21 −3.13 −3.18 3.21 3.18 −2.86

Table 3.2: Total energies and ionization potentials for one-dimensional atoms and ions
from exact and (spin-)LDA calculations as well as the eigenvalues of the
highest occupied Kohn-Sham orbital. All numbers are given in Hartree.

charged ones (not shown here), the same behaviour is observed for 3D (S)LDA. For the
small systems investigated here, LDA does not bind an extra electron, i.e.
the highest occupied KS orbital has a positive eigenenergy.

As a second test of the new functional we calculate the dissociation curve of the
1D hydrogen molecule. For these calculations we increased the size of the simulation
box to range from -20 to 20 a.u. in order to achieve convergence also for the stretched
molecule. Fig. 3.2 shows the binding energy per atom as a function of the distance
between the two ions. As one can see, the known pathology of 3D LDA is reproduced
also in 1D. The singlet state yields a good description around the equilibrium distance
of 1.6 a.u. with the binding energy being slightly overestimated by LDA. However, the
bond breaking is not described correctly due to the strong static correlation at large
distances. We will see in section 3.3 that the spin-polarized solution, although having
the wrong spin, gives better energies due to correct space-localization of the KS orbitals
(see Fig. 3.6). The LDA calculation for the triplet state yields very good agreement over
the whole range of distances corroborating the general experience of LDA performing
better for more polarized systems.

Summarizing, we have introduced a one-dimensional LDA suitable for the description
of systems interacting via the commonly used soft-Coulomb interaction [102]. We have
shown that the one-dimensional functional has the same qualitative features as its three-
dimensional counterpart in the calculation of ground-state energies of atomic systems
and the dissociation of small molecules.

3.3 Broken spin-symmetry approach 4

3.3.1 Charge-transfer excitation energies

The problem of charge-transfer (CT) excitations has attracted significant attention in
recent years [74–78, 80, 148], due to its relevance for biomolecules, molecular conduc-

4 This section is part of the article Charge-transfer in time-dependent density-functional theory via

spin-symmetry-breaking, Phys. Rev. A 83, 042501 (2011), by J.I. Fuks, A. Rubio and N. T. Maitra
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Figure 3.2: Binding energy per atom of the one-dimensional hydrogen molecule as a
function of the distance between the two ions, exact and LDA calculations
for the singlet ground state and the first triplet state.

tance, or solar-cell design; these are systems for which DFT would be particularly
attractive due to its favorable system-size scaling. However, it has been challenging to
find a satisfactory universal solution to the CT problem: ab initio approaches based
on modeling the exact kernel appear impractical, while practical approaches tend to
involve empirical parameters.
With approximate ground-state functionals the highest occupied molecular orbital
(HOMO) energy, ǫH, underestimates the true ionization energy, I, while the lowest un-
occupied molecular orbital (LUMO), ǫL, lacks relaxation contributions to the electron
affinity A. The last few years have seen many methods to correct the underestimation
of CT excitations, e.g. Refs. [78, 80, 148]; most of them modify the ground-state func-
tional to correct the approximate KS HOMO’s underestimation of I, and mix in some
degree of Hartree-Fock, and most, but not all [80, 148] determine this mixing via at
least one empirical parameter. Fundamentally, staying within pure TDDFT, both the
relaxation contributions to A and the −1/R tail in Eq. (3.9) come from fHxc, which
must exponentially diverge with fragment separation [76,77].

3.3.2 Charge transfer in DFT via spin-symmetry breaking

The usual approximations in TDDFT notoriously underestimate CT excitations be-
tween fragments at large separation R. To leading order in 1/R, the exact answer for
the lowest CT frequency is:

ωexact
CT → ID −AA − 1/R (3.9)

where ID is the ionization energy of the donor, AA is the electron affinity of the accep-
tor and −1/R is the first electrostatic correction between the now charged species.
The major reason for the awkward kernel structure in the case of open-shell fragments
lies in the KS ground-state description: the HOMO (and LUMO) are delocalized over
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the whole molecule, quite distinct from the Heitler-London-like nature of the true wave-
function. Both in the exact and in the semi-local approximations, the HOMO-LUMO
energy difference tends to zero as the molecule is pulled apart, and so fHxc must be
responsible for the entire CT energy [77]. It has been long recognized that this static
correlation error [134] is the root of the problem of poor ground-state energies, stud-
ied extensively in molecules like H2 [135], and that a simple way out is to allow the
system to break spin symmetry. A spin-unrestricted calculation with an approximate
functional for a diatomic molecule, leads, at a critical internuclear separation, to the
spin-polarized solution obtaining the lowest ground-state energy. Albeit having incor-
rect spin-symmetry, accurate ground-state energies are achieved essentially because the
KS description is rendered to have one electron on each atom.
Although less discussed, the same physics applies for heteroatomic molecules com-

posed of open-shell fragments [100], and suggests that symmetry-breaking could be a
means to obtain CT excitations. If the exact functional were used, the lowest-energy
state remains correctly spin-unpolarized at any R, but at the cost of stark step and
peak features in the bonding region. If instead, correct spin-symmetry is imposed on
any existing approximate density-functional, the ground-state displays unphysical frac-
tional charges at large R, delocalized HOMO and LUMO orbitals, and again poor CT
energies [77, 100].
The following examples show that remarkably accurate CT excitations can indeed

be obtained from TDDFT via spin-symmetry breaking when the acceptor contains
effectively one active electron; for large enough separations, these are contained in
simply the bare KS excitations. We present first one-dimensional models that enable
us to compare with highly accurate numerically-exact solutions (computed using a
Runge-Kutta differential equation solver as implemented in the octopus code [191]).
For the DFT calculations we study the exact-exchange (EXX) and local spin density
approximation(SLDA) [126] with self-interaction correction (SIC). We shall see that the
correct long-range behavior of these functionals yields the correct R-dependence at large
separations. We stress that this long-rangedness must be combined with symmetry-
breaking in order to get accurate CT excitations: restricted calculations using these
functionals fail [137]. The functionals are implemented in octopus within the KLI
approximation to OEP [138]. After studying the models, we then turn to the real LiH
molecule.

3.3.3 Why symmetry breaking works?

In our first model, the nuclear potentials are represented by short-range cosh-squared
wells, Eq. (3.5), at separation R:

vext(x) = −UL/ cosh2(x)− UR/ cosh2(x−R) , (3.10)

whith strengths UL = 5.5 a.u. and UR = 6 a.u.˙ We place two electrons interacting
via the soft-Coulomb interaction Eq. (3.2) into this heteroatomic molecule. The unre-
stricted KS calculation yields a spin-unpolarized solution until a separation of about
R ∼ 2.3 a.u. (coinciding with an avoided crossing in the potential energy surfaces [100])
where it begins to break symmetry: the eigenvalues for the up and down spin in the
ground-state begin to separate and slowly approach those of the isolated wells as the
molecule is pulled further apart and each electron settles in a different well. In contrast
to Ref. [139], localization of orbitals is in fact achieved within KLI: for two electrons
KLI is equivalent to full OEP, but even for systems of more than two electrons (not
shown here) KLI yields spin-polarized localized orbitals.
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3.3 Broken spin-symmetry approach

Fig. 3.3 plots the lowest orbital excitation energies of the model Eqs. (3.10),(3.2).
The KS energy differences, especially those of EXX, capture the exact CT excitations
throughout with remarkable accuracy!
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Figure 3.3: Charge-transfer transition energies ωs = ǫL − ǫH for the model
Eq. (3.10),(3.2) using unrestricted SIC and EXX. The exact solution con-
verges onto the asymptotic Eq. (3.9) (solid blue lines) soon after the
symmetry-breaking point.

Why this is so can be seen by studying the underlying KS potentials. Consider
first the limit R → ∞, where symmetry-breaking has placed, say, the spin-up(down)
electron in the left(right) well in the ground state. The left well is the donor for the
following discussion. Fig. 3.4 plots the KS potential for the ↑-spin:

vS,↑[n↑, n↓] = vAext + vDext + vH[n↑] + vH[n↓] + vXC,↑[n↑, n↓] (3.11)

and its components at a separation of R = 50 a.u. In Eq. (3.11), v
A(D)
ext refers to the

atomic acceptor(donor) potential (i.e. the right(left) well), and

vH[n](r) =

∫

d3r′n(r′)Vsoft−C(r− r′) (3.12)

is the Hartree potential generated by the density n(r). As R → ∞, in the vicinity
of the donor vC,↑ = 0 and vX,↑ = −vH[n↑], so vS,↑ = vDext: the system is essentially a
one-electron system in this limit and local excitations of the ↑-electron are, correctly,
just excited states of the donor. In the vicinity of the acceptor, where only a ↓-electron
lives, vX,↑ → 0 in the limit R→ ∞, and

v∞S,↑(r ∼ acceptor) = vAext + vH[n↓] + vC,↑[n↑, n↓] . (3.13)

The Hartree potential generated by the ↓-electron and a small correlation contribution
(the two dips in the red curve) result in a net upward shift of vext: the unoccupied
↑-electron states living in the right-hand-well are shifted up in energy compared with
those of the ↓-electron (i.e. those of vext). An approximate affinity level is thereby
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Chapter 3: Ground-state: new functional developments

induced in the right-hand-well. So the bare KS orbital energy-differences yield accu-
rate CT excitations: first, the HOMO (H) for the ↑-electron is the lowest orbital in
the left-hand-well, for which ǫH = −ID, the exact ionization potential, due to Koop-
mans’ theorem [140], since both EXX and SIC are exact for one electron. Second,
and more significantly, the LUMO (L) approximates the affinity level of the right-
hand-well, ǫL ≈ −AA, sensing the presence of the ↓-electron, i.e. Hartree-correlation
relaxation contributions to the affinity are already incorporated at the bare KS level.
We call this eigenstate of Eq. (3.13), and the corresponding state of vS,↓, for which en-
tirely analogous analysis holds, the “induced affinity” levels of the right and left atoms
respectively. In the limit of infinite separation, they converge to the lowest state for
the unoccupied spin of the isolated one-electron atom. A key point is that vS,↑ and vS,↓
are different: in any restricted calculation where these are the same, unoccupied levels
are excitations (of the same N -electron system), not affinities.

 δ δvc  (r) =   Ec[n   = 0, n  = n]/  n  (r)

vH

vxc

vext

The two−dips of
vc   can be reproduced by

In 3D, this gives a single well.

v
s

R (a.u.)
−6

−4

−2

 0

0  25  50

Figure 3.4: The KS potential vS,↑ (blue) and its components.

How well does the induced affinity level approximate the true affinity generally? DFT
theory tells us that the exact affinity of an N -electron atom is A(N) = E(N)−E(N +
1) = −ǫH(N+1) where the middle expression is computed from total-energy differences
while the right hand side is computed from the highest occupied KS eigenvalue of the
relaxed (N + 1)-electron system (see eg. [141]). Let us then consider the KS potential
of a two-electron atom. Because the density is localized, an unrestricted calculation
yields a spin-unpolarized result. Denoting the two-electron ground-state density n2(r),

vS[n2] = vext + vH[n2/2] + vC[n2] (3.14)

where vext is the nuclear potential and we have noted that, for exact exchange, vX[n2] =
−vH[n2]/2 = −vH[n2/2]. First, neglecting correlation, Eq. (3.14) is very close to
Eq. (3.13) if n2 ≈ 2n↓, i.e. if, when a second electron is added to a well in which
there is already one electron, there is little density relaxation. This is the case in the
model example above, since the dominant part of the energy of the electrons is from
the external potential. In such a case, Eqs. (3.13) and (3.14) then imply that the in-
duced affinity level approximates the true affinity well. It will be a lower bound (i.e.
|ǫL,↑| ≤ |ǫH(N = 2)|), because electron repulsion leads to vH[n2/2] being a little weaker
than vH[n↓]. This was borned out in all the EXX results of different models we consid-
ered. Correlation tends to raise the induced affinity, sometimes bringing it higher than
the true affinity: certainly using LSD-SIC, vC,↑[n↑ = 0, n↓ = n] forms a deeper negative

54



3.3 Broken spin-symmetry approach

well than vC[n2]. Shortly we will discuss examples in which the density relaxation is
important, so that n2 is not very close to 2n↓, and there the affinity level is not such
a good approximation to the true affinity; consequently the charge-transfer excitations
are not as accurate.

The arguments above hold only for one-electron acceptors: if the acceptor already
has an electron of the transferring spin in it, then excitations of that spin are the usual
constant-number excitations of TDDFT, not approximate affinity levels. The donor
however may contain any number of electrons: similar models that have, for example,
three electrons in one well and one in another again showed excellent CT excitations
from the former to the latter, under spin-symmetry-breaking.

We now extend the discussion following Eq. (3.11) to the case of an N -electron donor
and 1-electron acceptor, at finite but large separation. For ease of notation, assume
again the acceptor carries a ↓-electron in the molecular ground state. First consider
Eq. (3.11) near the N -electron donor. For external (nuclear) potentials that decay
Coulombically, the (N -electron), vS,↑ ∼ vDS +O(1/R3), where vDS is the KS potential of
the donor atom. At the acceptor, vS,↑ ∼ v∞S,↑ − 1/R+O(1/R3) (noting that vDext cancels
vH[n↑] ≈ ND/R, while vX,↑ ∼ −1/R). So, to leading order in R, for the ↑-electron,
ǫH = ǫDH and ǫL = ǫ∞L − 1/R where ǫ∞L is the induced affinity level of the acceptor in
the infinite separation limit. Therefore,

ωS = ǫL − ǫH = ǫ∞L − ǫDH − 1/R , (3.15)

as in Eq. (3.9), with ID ≈ −ǫDH and AA approximated by the induced affinity level. (For
short-ranged potentials as in Eq. (3.10), the arguments lead instead to ǫH = ǫDH + 1/R
and ǫL = ǫ∞L ). Therefore, a long-ranged exchange-correlation as in EXX or SIC, once
symmetry-broken, yields good CT excitations, from just its bare KS orbital energies,
as a function of R, for large R. Note the importance of correct asymptotics of the
functional used for correct R-dependence, as well as for accurate ionization potentials
and induced affinities.

For an accurate CT asymptote the density relaxation upon the addition of an electron
must be small. But even when density relaxation effects are significant, symmetry-
breaking can still be useful as we now explain. In a practical sense, the infinite-
separation limit itself is not so much a problem for DFT, because total ground-state
energy differences computed from DFT [142] can often yield reliable values for I and A
in Eq. (3.9). Intermediate distances are the real challenge, where CT energies deviate
from the asymptotic formula Eq. (3.9). Our symmetry-breaking approach can capture
these deviations, going beyond Eq. (3.9). The procedure is to compute the (symmetry-
broken) KS HOMO and LUMO energy difference, but, when density-relaxation is large,
shift it by

ID −AA − (ǫ∞,A
L − ǫDH ) (3.16)

where I and A are computed from total ground-state DFT energy differences. In this
way, asymptotically, the curves approach Eq. (3.9) accurately, but for intermediate to
large distances, contain correct physical deviations from Eq. (3.9) due to polarization.
To illustrate this, we now consider soft-Coulomb nuclear wells Eq. (3.4) introduced in
section 3.1

Vext = −1/
√

x2 + aL − 1/
√

(x−R)2 + aR (3.17)

with aR = 0.7 and aL = 1.2. The more diffuse densities of these wells makes them
more polarizable so deviations from Eq. (3.9) are more evident, as shown in Fig. 3.5:
at intermediate separations (R ≈ [9 : 12] ), the (exact) CT energies fall shy of the
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Chapter 3: Ground-state: new functional developments

asymptotic Eq. (3.9), shown as the black curve, due to the local polarization of the
CT state towards the positive charge at the other nucleus. After applying the shift of
Eq. (3.16) the unrestricted SIC results approach the exact results well, and capture this
attractive shift; this holds also for CT in the other direction (not shown). (The blue
curve is the asymptote for the unrestricted SIC prediction, but also shifted according
to Eq. (3.16)).

unrestricted SIC CT energy

unrestricted SIC CT energy
shifted by prescription Eq. 5.15

exact CTenergy
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Figure 3.5: CT from the left to the right well of model Eqs. (3.2)- (3.17). Exact: ID =
0.6206 a.u. and AA = 0.1199 a.u.˙ Unrestricted SIC: ID = ǫDH = 0.6206

a.u. AA = 0.1355 a.u. and ǫ∞,A
L = 0.2183 a.u.

So far, we have discussed CT excitations obtained from bare KS excitations alone
and argued why these work so well, as demonstrated by the model examples. The
second step of TDDFT is to apply fHxc to correct the KS excitations towards the exact
ones; there are both “diagonal” terms which shift each KS excitation, as well as “off-
diagonal” ones that mix them. For the systems so far discussed we expect both these
effects are small, because (i) the diagonal term involves overlap of the occupied and
unoccupied orbitals in the excitation, which vanish exponentially at large distances,
and (ii) there is little mixing with other excitations in the system. Mixing and shifting
of KS excitations will be important at small and intermediate distances, leading to
further deviations from the asymptotic Eq. (3.9), especially for real molecules, given
their higher density of states.

3.3.4 Calculations for the real LiH molecule

We turn now to a real molecule, LiH: Using a pseudopotential for the Li atom ren-
ders it an effective one-electron atom, and our method captures CT in both directions.
In Fig. 3.6 we plot the lowest potential energy surfaces of the LiH molecule, com-
puted with unrestricted SIC, with the Troullier-Martins pseudopotential coded in octo-
pus [191], compared to the highly-accurate configuration-interaction (CI) calculations
of Ref. [143]. The induced affinity level of H is 0.0726 a.u. while the one computed
from ground-state DFT energy-differences is 0.0264 a.u. closer to the experimental
(0.0277 a.u., so we have applied the shift of Eq. (3.16) for R ≥ 12. As accurate energies
are unavailable for CT from H to Li, we do not show this curve here. The excellent
agreement of the unrestricted approach with CI can be contrasted with restricted SIC
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3.4 2-site Hubbard model

calculations, whose collapse at larger R is due to the near-degeneracy of the HOMO
and LUMO mentioned earlier; the latter leads to convergence difficulties for larger sep-
arations. The symmetry-broken SIC predicts the separation at which there is a crossing
between the ionic curve and the Li(3s) curve very accurately, although it appears more
as a direct crossing rather than an avoided one.
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Figure 3.6: Potential energy surfaces of the LiH molecule. Even the (shifted) bare KS
energy-differences of unrestricted SIC are close to the CI ones of Ref. [143].

In summary, we have shown that symmetry-breaking is a simple non-empirical way
to obtain CT excitations from KS orbital energies alone, for acceptors that contain
effectively one electron, and explained why.
Conceptually, the observation is that for one-electron systems, the levels of the unoc-
cupied spin approximate affinity levels can be interpreted in an extended Koopmans’
sense. Koopman’s theorem in DFT states that I = −ǫH exactly, while generalized
Koopman’s theorem applies to Hartree-Fock where I ≈ −ǫHF

H and A ≈ −ǫHF
L , leading

to the use of hybrid functionals for CT, mentioned earlier [78, 148].

3.4 2-site Hubbard model

Setting in the Tight-Binding Hamiltonian (2.87) introduced in section 2.7.1 T1 = T2 =
T ,the rest of the hopping parameters and ǫiα to zero, thus T3 = T4 = T5 = 0, ǫiα = 0,
and adding an on-site interaction term U

∑L
i=1 n̂i↑n̂i↓ yields the Hubbard model Hamil-

tonian. 5.
The Hubbard model is often used to model electronic band structure in extended sys-
tems. It constructs a many-body theory by adding to the tight binding model (see
section 2.7.1) an on-site interaction term. The latter is weighted with the interaction

5 α corresponds to the spin index σ.
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strength “Hubbard U”,

Ĥ = −T
∑

<i,j>,σ

(

ĉ†iσ ĉjσ + ĉ†jσ ĉiσ
)

+ U
L
∑

i

n̂i↑n̂i↓ − µ
L
∑

i

(n̂i↑ + n̂i↓) (3.18)

where i, j are site labels that run from 1 to the number of sites L and the symbol
< i, j > indicates that only nearest-neighbour hopping is considered. The label σ =↑, ↓
represents spin. The last term in Eq. (3.19) is proportional to the chemical potential
µ, a Lagrange multiplier that fixes the number of electrons N .
Notice that the full Coulomb interaction reads:

∑

i,j

∑

σ V i,j
ee n̂i,σ n̂j,σ, in the Hubbard

model only on-site interaction is taken into account, thus the long-range Coulomb
electron-electron interaction Vee is approximated as a local one of strength U . Eq. (3.19)
can be easily extended to take into account also second- or higher neighbour hopping.

3.4.1 Exact ground-state functional 6

The Hamiltonian of an L-site Hubbard model is given by Eq. (3.18). For the particular
case of L = 2 the Hubbard Hamiltonian reads,

Ĥ = −T
∑

σ

(

ĉ†1σ ĉ2σ + ĉ†2σ ĉ1σ
)

+ U (n̂1↑n̂1↓ + n̂2↑n̂2↓) +
∆v

2
(n̂1 − n̂2) (3.19)

where n̂iσ = ĉ†iσ ĉiσ is the σ-occupation operator at site i, where σ = {↑, ↓} represents
spin. T is the hopping parameter and U is the on-site interaction between particles.
We use T = 1 throughout this work.
vi is an arbitrary external potential acting on site i,

∆v

2
(n̂1 − n̂2) + const. =

∑

σ

(v1n̂1σ + v2n̂2σ) (3.20)

where ∆v = v1 − v2 is the external potential difference, which can be either static or
time-dependent.
Placing two electrons onto the 2-site Hubbard Model from Eq.(3.19) results in six basis
functions , three of them correspond to the singlet sector and the other three to the
triplet sector. Since we do not consider spin interaction nor external magnetic field we
restrict our study to the singlet sector, thus to a 3-dimensional vector space.
The spatial part of the singlet state |Ψ〉 can be written in terms of three singlet-sector
basisfunctions:

|ψ1〉 =
1√
2

(

ĉ†1↑ĉ
†
2↓ − ĉ†1↓ĉ

†
2↑

)

=
1√
2
[| ↑, ↓〉 − | ↓, ↑〉]

|ψ2〉 = ĉ†1↑ĉ
†
1↓ = | ↑↓, 0〉

|ψ3〉 = ĉ†2↑ĉ
†
2↓ = |0, ↑↓〉

with the conmutation rules,

[ĉα ,̂c
†
β ] = δαβ , [ĉ†α, ĉ

†
β ] = [ĉα, ĉβ ] = 0 (3.21)

6 This section is part of the work Exact time-dependent exchange-correlation functional in the 2-site

Hubbard model: quantifying non-adiabaticity in a simple model by J.I. Fuks, M. Farzanehpour, I.V.
Tokatly, H. Appel , Stefan Kurth and A. Rubio (in preparation)
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〈Ĥ〉 =





0 −
√
2T −

√
2T

−
√
2T U + ∆v

2 0

−
√
2T 0 U − ∆v

2



 (3.22)

The convention used is that if there are 2 electrons sitting on the same site, they are
always placed in the order ↑↓. Further, whenever jumping over an operator gives a mi-
nus sign due to the anhilation and creation operators ci obeying fermionic conmutation
relations.
Diagonalization of Hamiltonian 3.22 results in the following eigensystem,

E1 = U, E2 =
1

2
(U − f(U, T )) , E3 =

1

2
(U + f(U, T )) , (3.23)

|v1〉 = N1





0
−1
1



 , |v2〉 = N2





− 1
2T (−U + f(U, T ))

1
1



 , |v3〉 = N3





− 1
2T (−U + f(U, T ))

1
1



 ,

(3.24)
with

f(U, T ) =
√

(2T )2 + U2. (3.25)

and normalization,

Nj =
√

〈vj |vj〉 (3.26)

Notice that Ei and vi are functions of U and T solely. To simplify the notation we
performed a rotation from the site occupations to the occupation difference and the
total number of particles (n1, n2) → (∆n,N),

n1 − n2 = ∆n, n1 + n2 = N (3.27)

After fixing the number of particles N we are left with ∆n as unique free variable of
the problem. The operator (n̂1 − n̂2) can be identified for this system with the dipole
operator d̂,

∆n = 〈Ψ|
∑

σ

(n̂1σ − n̂2σ)|Ψ〉 = d. (3.28)

3.4.2 Explicit construction of FHK by Levy-Lieb constrained search

In addition to being exactly solvable the homogenoeus 2-site Hubbard model (v1 = v2
in Eq. (3.19)) is also analytic, and morever, due to its small Hilbert space the exact
ground-state functional can be found by constrained search.
We find the exact ground-state Hohenberg Kohn (HK) functional FHK[n] for the 2-
site Hubbard model Eq. (3.19), i.e. we want to perform the minimization indicated in
Eq.(2.22). Notice that since the system is discrete the HK energy functional FHK [n] is
actually a function of the density difference, FHK(∆n). Given that the ground state
is a singlet we restrict the domain of the constrained search to singlet wavefunctions.
The Hohenberg-Kohn theorem ensures the uniqueness of a density functional which
yields the lowest energy within a given symmetry sector: if we restrict ourselves to the
singlet sector, then the functional found in this way will be valid only for singlet states.
The HK functional for this model is found by Levy-Lieb constrained search (see section
2.2.4) as,

FHK(∆n) = min
Ψa→∆n

〈Ψa
∆n|Ĥ0|Ψa

∆n〉, (3.29)

(3.30)
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where Ĥ0 is the bare Hamiltonian,

Ĥ0 = T̂ + Û , (3.31)

where T̂ and Û refer to the first two terms in Eq. (3.19) respectively. The search is
performed over all singlet 2-electron wavefunctions Ψa that integrate to a given ∆n.
The most general 2 electron singlet wavefunction in the diagonal basis of the bare
Hamiltonian Ĥ0,

Ĥ0|vi〉 = Ei|vi〉 (3.32)

reads,
|Ψ〉 = A1|v1〉+A2|v2〉+A3|v3〉 (3.33)

where {|vi〉} are the eigenvectors of Ĥo, Eq. (3.24). The energy expectation value for
an arbitrary state in the singlet sector can be written as,

〈Ψ|Ĥ0|Ψ〉 = A2
1E1 +A2

2E2 +A2
3E3, (3.34)

where Ei are the eigenvalues of the bare Hamiltonian Ĥ0, Eq. (3.23). The normalization
condition of the wavefunction can be used to eliminate one variable,

A2
1 +A2

2 +A2
3 = 1, (3.35)

where we have assumed, without loss of generality, that the coefficcients Ai are real.
N -representability, the condition that the density ∆n has to come from an N -electron
wavefunction Ψ, is the last missing equation to perform the minimization, it is given
by the expectation value of the density difference,

∆n = 〈Ψ(A1, A2)|n̂1 − n̂2|Ψ(A1, A2)〉. (3.36)

Eq. (3.36) allows to write the coefficient A2 in terms of A1 and ∆n, thus yielding A2 =
f(A1,∆n). After constraining by normalization and N -representability conditions we
can rewrite the wavefunction |Ψ〉 in terms of A1 and ∆n , namely Ψ(A1,∆n).
Eq. (3.29) becomes

F
HK[∆n]=minA1

〈Ψ(A1,∆n)|Ĥ0|Ψ(A1,∆n)〉(3.37)

Thus to find the exact Hohenberg-Kohn functional FHK(∆n) for this model, we need to
perform a minimization over all possible A1(∆n), i.e. A

min
1 (∆n) has to be found such

that Eq.(3.37) yields a minimum. If FHK is a monotonically growing function, then
the absolute minimum can be found by performing the partial derivative,

∂〈ψ(A1,∆n)|Ĥ0|ψ(A1,∆n)〉
∂A1

= 0 → Amin
1 (∆n) (3.38)

We have performed this minimization numerically in Mathematica [110], the program
can be downloaded from http://nano-bio.ehu.es.
In Fig. 3.8 we plot the exact functional FHK)[∆n] for different values of U/T . For
U = T = 1 the Hohenberg-Kohn energy functional FHK [∆n] seems to be almost
parabolic, the largest deviations from the quadratic shape are placed far from the
origin ∆n = 0, where repulsion between electrons becomes important.

The energy for the two-site Hubbard model in an arbitrary external field ∆v can be
computed as,

E[∆n] =
∆v

2
∆n+ FHK [∆n]. (3.39)
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Figure 3.7: Exact Hohenberg Kohn density functional FHK(∆n) for U = 1, U = 5 and
U = 10 Hubbard-interaction strength.
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The ground-state energy E0 can be found from FHK(∆n) by minimization over all
possible density differences ∆n:

E0 = min
∆n

(

FHK[∆n] +
∆v

2
∆n

)

, (3.40)

or what is equivalent,

∂E

∂∆n

∣

∣

∆n0
= 0 → −∆v

2
=
∂FHK

∂∆n

∣

∣

∆n0
. (3.41)

Usually physical systems are much more complicated than the 2-site Hubbard model
and constrained search (minimization over all possible N -electron interacting wave-
functions) is not practicable. The self-consistent Kohn-Sham scheme (see section 2.2.5)
offers an alternative way to compute ground-state densities and ground-state energies
assuming a good approximations for the Hartree-exchange correlation (hxc) functional
can be found. However the Kohn-Sham scheme does not provide a method to find
good approximations to the Hxc functional. In the next section 3.4.3 we introduce the
2-site Hubbard Kohn-Sham system and in section 3.4.4 we derive from the FHK(∆n)
Eq. (3.37) the exact Hartree-exchange correlation energy functional EHxc and the Hxc
potential ∆vHXC that enters the self-consistent Kohn-Sham equations.

3.4.3 Kohn-Sham 2-site Hubbard model

The Hamiltonian of the 2-site KS system that reproduces the density of the interacting
system, Eq. (3.19) has the same form as Eq.(3.19) with U = 0 and the replacement
∆vext → ∆vs[∆n],

Ĥs = −T
∑

σ

(

ĉ†1σ ĉ2σ + ĉ†2σ ĉ1σ
)

+
∆vs[∆n]

2
(n̂1 − n̂2) (3.42)

The one-particle KS orbital is constructed from the probability amplitudes φ1,2 of
finding an electron at site {1, 2}.

Φ(t) =

(

φ1
φ2

)

(3.43)

φi =
√
nie

iϕi (3.44)

The spatial part of the 2-particle singlet KS wavefunction ΦN=2 is the direct product
of two identical KS orbitals, ΦN=2 =

√
2Φ(1)Φ(2). Each one-particle space is a two-

level space and the 2-particle spatial Hilbert space is, after proper symmetrization, a
3-dimensional vector space. 7

The density difference for a system of N electrons can be computed from

∆nN = 〈ΦN |n̂1 − n̂2|ΦN 〉 = |φ1|2 − |φ2|2 (3.45)

∆nN=2 = 2∆nN=1 (3.46)

The single-particle potential ∆vs can be split into a Hartree-exchange-correlation
(hxc) part ∆vHxc plus the external potential ∆v

∆vs[∆n] = ∆vHxc[∆n] + ∆v. (3.47)

7 Same as in the interacting case, only one out of the two excited-states is dipole allowed, thus the
vector space reduces to 2-dimensions under the action of a resonant external field.
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3.4.4 Hartree exchange-correlation energy functional

The HK energy functional FHK[∆n] can be decomposed into the non-interacting kinetic
energy T s(∆n) plus the Hartree-exchange-correlation energy EHxc(∆n) = Exc(∆n) +
EH(∆n).

FHK[∆n] = T s[∆n] + EHxc[∆n] (3.48)

where T s[∆n] can be computed as indicated in Eq. (3.49),

T s[∆n] = min
Ψa→∆n

〈Ψa(∆n)|T̂ |Ψa(∆n)〉 = FU=0
HK [∆n], (3.49)

for the 2-site lattice model variational principle on a system of non-interacting electrons
yields, in analogy to Eq. (3.41),

−∆vs

2
=
∂T s

∂∆n

∣

∣

∆n0
. (3.50)

The Hxc energy corresponds to,

EHxc[∆n] = 〈Ψ(∆n)|
L
∑

i

∑

σ

vHxc
i (∆n)(n̂†iσn̂iσ)|Ψ(∆n)〉 (3.51)

In order to compute the Hartree-exchange-correlation potential ∆vHxc[∆n] that enters
the KS Hamiltonian (3.42),

vHxc
i [n1, n2, n3, .., nL] =

∂EHxc[n1, n2, n3, ..., nL]

∂ni
=
∂ (FHK[n1, n2, n3, ..., nL]− T s[n1, n2, n3, ..., nL])

∂ni
(3.52)

Given the definition of the occupation diference ∆n = n1 − n2, it follows that ∂
∂n1

=

− ∂
∂n2

and thus

∆vHxc[∆n] = vHxc
1 [∆n]− vHxc

2 [∆n] = 2
∂EHxc[∆n]

∂∆n
(3.53)

In Fig. 3.9 we plot the exact vHxc[∆n)] Eq. (3.53) in comparison to a linear function of
∆n for the T = U = 1 case. Notice that the deviations of vHxc[∆n] from linearity in
Fig. 3.9 are related to higher order contributions to the response. Expressions for vxc in
the full Fockspace of this model have been derived for the half filling case in Ref. [95].
∆vHxc[∆n] and EHxc are exact, thus solving the eigenvalue problem of Eq.(3.42) self-
consistenly (see section 2.2.5) in the presence of any given external potential ∆v yields
the exact ground-state density ∆n0 and ground-state energy E0. Notice that even if
at first sight the exact FHK[∆n] for T = U = 1 in Fig. (3.8) seems almost parabolic a
forty-terms even polynomia was needed to fit the functional in order to achieve accurate
ground-state energies and denisties. For more correlated systems (U > 1) the situation
is even more dramatic.
Summarizing, to find the exact functional for an N -electron system with L sites one

needs to know the energy (or FHK(n1, n2, ...nL)) for each possible N -electron density
distribution into the L sites. Having this information allows to connect each external
potential

∑

iσ vin̂iσ to a ground state density ngsiσ .

63



Chapter 3: Ground-state: new functional developments

-0.3

-0.2

-0.1

 0

 0.1

 0.2

 0.3

-2 -1.5 -1 -0.5  0  0.5  1  1.5  2

D
e
lt

a
V

H
x

c
(n

1
 -

n
2

)

(n1 - n2))

exact

linear

Figure 3.9: T = U = 1 2-site Hubbard model : exact ∆vHxc[∆n] Eq. (3.53)(red) and
linear function of ∆n, f(∆n) = 1.54 ∆n (blue), where the constant corre-
sponds to the coefficient of the quadratic term in the polynomial expansion
of EHxc.
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4 Time-dependent phenomena

The hypotheses we accept ought to
explain phenomena which we have
observed. But they ought to do more
than this: our hypotheses ought to
foretell phenomena which have not
yet been observed.

William Whewell

In this chapter we address the fundamental problem of unveiling the response of mat-
ter to external, arbitrary time-dependent perturbations. This response is what makes us
understand nature and what makes material functional in real applications. In order
to interprete the results of the experiments and to be able to predict new material-
properties it is desirable to have a reliable and efficient theory capable of describing a
wide range of time-dependent processes in interacting many-electron systems. TDDFT
has achieved an unprecedented balance between accuracy and efficiency in calculations
of electronic spectra [39, 146] and is nowadays a standard technique in many areas of
condensed matter physics and quantum chemistry. In this PhD work we aim to study
the capabilities and the shortcomes of the available TDDFT functionals to describe
diverse time-dependent processes. We start by looking at the physics of few-electron
one-dimensional systems for which the exact solution of the time-dependent Schrödinger
equation is numerically accessible. For these model systems the exact time-dependent
Kohn-Sham potential can be derived. The features of the later that are missing in an
approximate functional are responsable for the failure of the approximate functional to
satisfactorily describe electron dynamics.
The studied time-dependent processes range from linear to non-linear dynamics and
we are particularly interested in the effects and shortcomings of the adiabatic approxi-
mation on the TDDFT-simulated response.

As we discuss in section 2.6 and in appendix 7, the interaction of the electrons in a
many-body system is mediated by the electromagnetic field. There are several different
ways to excite the electronic degrees of freedom of a many-electron interacting system.
The changes in the electronic density (current) are induced by the application of an
external electromagnetic field (optical, magnetical), the scattering with other charged
particles (mechanical) or by the movement of the ions (vibrational, rotational, trans-
lational). Ions can change their position due to chemical reactions or scattering with
other neutral or charged particles, in addition, vibrational or rotational modes can
be excited by applying an external field. These changes in the ionic positions induce
changes in the electronic density (current). In addition one may change the thermody-
namic variables of the system such as temperature, pressure or the number of particles.
Experiments consist essentially in acting on a system and measuring the response of
the system (see Fig 4.1). We have the freedom to choose the observable to measure
independently of the type of perturbation used to kick the system out of the stationary
state (some combinations of perturbation/observable are more meaningful than others).
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Experiments on Coulomb systems

Interactions  :    vibrational         optical         mechanical

Responses   :  :    vibrational         optical         mechanical

linear

non-linear non-linear

linear
linear

non-linear

all orders all orders all orders
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Figure 4.1: Schematic illustration of possible combinations of applied perturbations and
measured obervables. Depending on the property of the system we want to
study and on the available experiments, we act on the system with a differ-
ent type of perturbation (optical, magnetical, mechanical, vibrational,etc)
and in a different regime (linear/non-linear) and choose a suitable observ-
able to measure (optical, vibrational, mechanical,etc).
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The most common measurable observables are optical and vibrational spectra, energy
loss spectra, photelectron (direct and inverse) spectroscopies (static and time-resolved),
magnetic susceptibilities, dichroic response, Raman and IR spectroscopies (including
pump-probe techniques), time-dependent dipole moment, populations, etc.
Eventhough in experiments all orders of the perturbative expansion of the obervable
are measured, when we simulate the response of the system within perturbation theory,
we usually look at the first order response. But for time-dependent processes where the
density changes dramatically in time, like for example for long-range charge-transfer
processes or resonant-excitations, among other non-linear dynamical processes, the lin-
ear response is not sufficient to capture the physics. For such non-linear processes
relevant physics is encoded in the higher orders of the system’s response. Care has to
be taken to distinguish between linear and non-linear perturbations. For instance, if
we excite the system by means of a laser of small amplitude E0 one may think studying
first order response is enough, however for resonant phenomena (for example if the
frequency ω of the external electric field is close to a physical resonance ∆ij = ǫj − ǫi
of the system) the dynamics is non-linear and higher order response contains relevant
physics for describing the real electron dynamics in time. Thus all energy-scales of the
external perturbation need to be compared to the characteristic resonances ∆ij of the
system to determine whether non-linear response is relevant. In addition, there might
be regions in space for which the response is almost linear and other regions for which
the non-linearities are non-negligible.

Ultrafast time-resolved optical spectroscopy has revealed new classes of physical, chem-
ical, and biological processes and reactions. The advent of free electron lasers with
attosecond resolution increases the capabilities of present femtosecond pump-probe ex-
periments, allowing for a study of electron dynamics beyond the linear response in
real-time. In addition, systems of all sizes can be investigated, from the atomic scale
to the most extended molecules (e.g. DNA, proteins and their complexes) and solids.
Despite those tremendous experimental advances, the theoretical description of a real
molecular system subject to ultrashort, intense, and/or high-frequency lasers is still
in a fledgeling state. Several problems need to be addressed, ranging from the non-
linear nature of the physical processes involved to the simultaneous description of the
(interacting) electronic and nuclear degrees of freedom. Therefore, it is of paramount
relevance to have a theoretical framework which allows for a non-linear description of
electron dynamics, and at the same time is able to tackle electron-ion dynamics in
the excited-state. TDDFT is increasingly used, often within an Ehrenfest or surface-
hopping scheme, to handle coupled electron-ion motion [39,153–158].

In this chapter we provide a theoretical framework to describe the interaction of matter
with diverse external perturbations, based on time-dependent density functional theory.
The studied systems are the one-dimensional model systems introduced in section 3.1.
For these systems we compare the exact solution to the responses obtained from propa-
gating the time-dependent KS system using different approximate exchange-correlation
functionals. The time-resolved propagations presented in this work are performed in
real-time. The systems are perturbed by means of an external electric potential coupled
in dipole approximation. In particular two different types of time-dependent potentials
have been studied. The first one is an instantaneous kick applied to the initial wave-
function at t = 0, Ψ(x, t+0 )

′ = e−iE0x Ψ(x, t0) (see section 4.2 for details), where the
amplitude E0 determines whether the perturbation is linear or non-linear. The kick
excites all frequencies. The second type of perturbation we study is an oscillating elec-

67



Chapter 4: Time-dependent phenomena

tric field, characterized by an amplitude E0 and a frequency ω, such a perturbation
simulates the effects of an applied laser.
The chapter is organized as follows: in sections 4.2.1 we study the performance of
the one-dimensional LDA functional introduced in section 3.2, used in adiabatic ap-
proximation, to reproduce first order response spectra of one-dimensional few-electron
systems to linear and non-linear kicks. In 4.2.2 we study the absence of double excita-
tions within first order linear response. As observable the optical spectrum is chosen,
which is computed from the Fourier transform of the time-dependent dipole moment
d(t) (see section 4.2 for details). In sections 4.3 we exploit non-linear Rabi dynamics
to investigate the effects of non-locality both in time and space in the xc potential
of TDDFT. The one-dimensional systems studied herein are perturbed by means of
a resonant oscillating electric field which fulfills the conditions to justify the two-level
approximation. In section 4.3.3 we study the appearance of a dynamical detuning for
local Rabi oscillations when approximate adiabatic functionals are used. In section
4.3.4 we investigate resonant Rabi physics in a lattice model (2-site Hubbard model),
for which the adiabatically-exact and the exact time-dependent xc functionals and their
time-evolutions can be studied. In section 4.3.5 we study the evolution of the elec-
tronic density and of the exact and adiabatically-exact correlation potentials during a
charge transfer between two closed-shell fragments. In section 4.4 we study the ap-
pearance of a generic dynamical step in the exact correlation potential of TDDFT for a
diverse set of non-linear time-dependent processes (resonant local excitation, resonant
charge-transfer excitation, field-free evolution of a superposition state, application of
an off-resonant oscillating field of large amplitude).

4.1 Non-linear electron dynamics in TDDDFT

In contrast to linear response phenomena, the description of photoinduced processes
generally requires a complete electron transfer from one state to another, or from differ-
ent regions of space. This is the case in photovoltaic materials (organic, inorganic, and
hybrids), photocatalysis, biomolecules in solvents, reactions at the interface between
different materials, nanoscale conductance devices (see e.g. Refs [153–158] and refer-
ences therein). These processes are clearly non-linear and require a time-resolved study
of electron dynamics rather than a simple calculation of their excitation spectrum.
TDDFT is a suitable framework to move the realm of density-functional methods be-
yond the linear response regime to describe the aformentioned non-linear processes. To
assess the quality of a functional we need to have appropriate data for comparison. Ob-
taining accurate experimental data for well defined conditions in the non-linear regime
is very difficult for real systems, due to various limitations, e.g. solvent effects or ad-
ditional approximations going into the interpretation of the collected data [121, 122].
These problems can be avoided by using exactly solvable models which then allow for a
direct and precise comparison between the exact system response and an approximate
one. Unfortunately, an exact propagation of even a small three-dimensional system is
computationally very demanding, and needs further simplification. One possibility is
the reduction of dimensionality, i.e. the use of one-dimensional (1D) models, where the
exact diagonalization is feasible as long as the number of electrons is sufficiently small
(see section 3.1).

Almost all TDDFT calculations today use an adiabatic approximation, that inserts
the instantaneous density into a ground-state xc approximation, vadiaXC [n; Ψ0,Φ0](r, t) =
vg.s.XC [n(t)](r, t), neglecting the dependence of vXC on the past history and initial states [39].
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Further, the exact vXC has in general a non-local dependence on space 1.
TDDFT also applies to any real-time electron dynamics, not necessarily starting in
a ground-state, and possibly subject to strong or weak time-dependent fields. Time-
resolved dynamics are particularly important and topical for TDDFT for two reasons.
First, there are few likely alternative practical methods for accurately describing cor-
related electron dynamics, and second, many fascinating new phenomena and tech-
nological applications lie in this realm. These include: attosecond control of electron
dynamics [176], photo-induced coupled electron-ion dynamics (for example in describ-
ing light-harvesting and artificial photosyntheses), and photo-chemical/physical pro-
cesses [177, 178] generally. The question arises as to whether the approximate func-
tionals that have been successful for excitations predict well the dynamics in the more
general time-dependent context.
Although understanding when exchange-correlation approximations (see section 2.2.6
for more details) are expected to work well or fail has advanced significantly in the
linear response regime [39], considerably less is known about the performance of ap-
proximate TDDFT for general non-linear dynamics [?,181]. Part of the reason for this
is due to the lack of exact, or highly accurate, results to compare with. Moreover, even
in the case where an accurate calculation is available, it is very complicated to extract
the exact xc potential (see Refs. [182,183] for significant progress).

4.2 Optical absorption spectroscopy by real-time TDDFT

The optical absorption spectrum of a material is essentially determined by the optical
response of the electrons to the application of an external electric field (we assume
here the magnetic field is negligible). This makes the absorption spectrum one of the
most important and interesting properties to predict. In the linear response regime
the absorption spectrum is determined by the polarisability, α(ω). The quantity most
easily accessible experimentally is the photo-absorption cross section, σ(ω) (the optical
absorption spectrum), which can be evaluated directly from the polarisability [191,192]

σ(ω) =
4πω

c
ℑᾱ(ω), ᾱ(ω) =

1

3

∑

i

αii(ω), (4.1)

where ᾱ(ω) is one third the trace of the tensor [193].
In real-time TDDFT the key quantity for optical response is the time-dependent dipole
moment d(t), which can be calculated directly from the electronic density and the
atomic charges and positions

d(t) =

∫

r n(r, t) dr−
Nnuc
∑

k

ZkRk. (4.2)

In this approach, to obtain the absorption spectrum one first excites the system from
its ground state by applying a spatially uniform electric field of the form,

Ekick
ext (r; t) = δ(t)E0. (4.3)

The constant coefficient E0 should be small enough in order not to disturb the energy
spectra of the system. In practice, it is more precise to apply the kick as a phase

1 Some degree of spatial and time non-locality is introduced in orbital functionals, such as hybrid
functionals that mix in a fraction of non-local exchange [149,159].
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in the initial conditions φ′(t+0 ) = e−iE0rφ(t0) [194]. The Kohn-Sham equations are
then propagated forward in real-time, and the time-dependent density n(r; t) is readily
computed. The polarisability is obtained by doing the propagation for three pertur-
bations, one along each coordinate axis, and then obtaining the time-dependent dipole
moment for each one of them, hence building the whole dij(t) (the first index indicates
the components of the dipole and the second the direction of the perturbation). The
polarisability tensor is then calculated as a Fourier transform

αij =
1

E0

∫

dt (dij(t)− δijdi(0)) e
−iωt (4.4)

Since the time-propagation approach includes all orders of response, the extraction
of the information is not direct, especially if the non-linear response coefficients are
wanted.

4.2.1 One-dimensional Adiabatic Local Density Approximation (1D-ALDA)
2

In this section we study the performance of the one-dimensional LDA functional pre-
sented in section 3.2 used as an adiabatic approximation to the exact time-dependent
exchange-correlation potential. As model system we use a one-dimensional soft-Coulomb
Berillium atom. The nuclear potential for this system is given by Eq. (3.4),

vBe
soft−C(x) =

−4√
x2 + 1

. (4.5)

The optical spectrum is calculated in linear response to a spatially constant perturba-
tion at t = 0, i.e. we apply an additional external electric field in dipole approximation

vkick(x, t) = x Ekick
ext (4.6)

which gives an initial momentum to the electrons. The TDDFT and the full many-body
time propagations were performed in a box ranging from -150 to 150 a.u. with absorbing
boundary conditions [191] and a grid spacing of 0.2 a.u. for a total propagation time
of 103 a.u.

Fig. 4.2 shows the response of the Be++ system to a linear kick of amplitude E0 =
10−4 a.u. and in Fig. 4.3 we go beyond the linear regime and consider a strength of
the kick of 0.01 a.u..

In Fig. 4.2 we see five peaks in the ALDA spectrum which compare well with the
first five excitations in the exact case. As expected, the agreement is better for lower
lying excitations and gets worse the closer we get to the continuum. As a guide for
the eye, we included the KS highest occupied molecular orbital (HOMO) energy of the
LDA calculation and the exact ionization potential. The onset of the continuum itself
appears at too low energies in the ALDA calculation missing two more clearly visible
peaks in the exact spectrum. In other words, the ALDA fails to reproduce the proper
Rydberg series, a behavior well known from 3D calculations. For comparison we also
included the results from an EXX calculation (adiabatic for this two-electron singlet)
which shows a slightly better agreement than ALDA for the first three excitations
but, more importantly, reproduces the Rydberg series due to the correct asymptotic

2 This section is part of the article Density functional theory beyond the linear regime: Validating an

adiabatic local density approximation, Phys. Rev. A 83, 032503 (2011), by N. Helbig, J.I. Fuks,
M. Casula, M. J. Verstraete, M. A. L. Marques, I. V. Tokatly and A. Rubio
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Figure 4.2: Absorption spectra of Be++ for a linear kick, E0 = 10−4 in Eq. (4.6),
comparing the exact, the EXX and the ALDA propagations.
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Figure 4.3: Absorption spectra of Be2+ for a non-linear kick, E0 = 0.01 in Eq. (4.6),
comparing the exact, the EXX and the ALDA propagations. The inset
shows a zoom into the region from 2.7 to 3.0 Ha.
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ω1 ω2 ω3 ω4 ω5 ω6 ω7 Ω1 Ω2 Ω3

ALDA 1.10 1.74 1.90 1.96 2.00 - - 0.22 0.40 -
EXX 1.13 1.82 2.08 2.20 2.27 2.30 2.32 0.26 0.43 0.52
exact 1.12 1.81 2.08 2.19 2.26 2.29 2.32 0.28 0.42 0.54

Table 4.1: Excitation energies for the linear and the non-linear regime of the 1D Be2+

atom corresponding to the spectra in Figs. 4.2-4.3. Excitations originated
by the linear kick (Fig. 4.2) are denoted as ω while those resulting from the
application of the stronger kick (Fig. 4.3) are denoted with Ω. All numbers
are given in Hartree.

behavior of the corresponding exchange potential. The quality of the EXX results also
implies that correlation is of secondary importance in the system for a = 1.

For the case of the non-linear kick, Fig. 4.3 shows the same excitations as Fig. 4.2
plus three additional peaks for the exact and the EXX calculation and two additional
peaks in the ALDA spectrum. Their energies are also listed in Table 4.1.

Due to the spatial symmetry of the system, all even order responses are zero and
the first non-vanishing higher-order response is of third order. The Ω1 = 0.28 a.u.
corresponds to an excitation from the second to the third excited state, where the
transition from the ground to the second excited state is dipole-forbidden and, hence,
can only be reached in a two-photon process. The other two frequencies, Ω2 = 0.42 a.u.
and Ω3 = 0.54 a.u., correspond to the transitions from first to second and second to
fifth excited state, respectively. Again, both the EXX and the ALDA calculations yield
a good description of the low lying excitations, only the third peak cannot be resolved
in the ALDA spectrum.

One feature of the exact spectrum that is missing from both the ALDA and the EXX
spectra is the small dip at 2.8 Ha, see inset in Fig. 4.3. It results from a Fano resonance
[132, 133], i.e. the decay of an excited state into continuum states. It is missing from
both approximate spectra due to the double-excitation character of the involved excited
state. Double-excitations can only be described in TDDFT if a frequency-dependent
xc kernel is employed [113] (see section 4.2.2). Any adiabatic approximation, however,
leads to a frequency-independent kernel. Hence, double-excitations, as well as any
resulting features, are missing from both the ALDA and the EXX propagations for this
model. Apart from the well-known shortcomings of not including double-excitations
and not giving the correct Rydberg series, the 1D-ALDA reproduces both the linear
and non-linear spectra of the exact solution quite well.

Next we consider the Be+ system, containing three electrons. Fig. 4.4 shows the
discrete part of the response spectra for a linear kick and Fig. 4.5 for a non-linear kick,
i.e. the external potential is given by Eq. (4.5). The ionization potential for the exact
calculation is 0.83 a.u. which is again underestimated by the LDA HOMO energy
of 0.62 a.u.. For this system the projection onto the Young diagrams (see section
3.1) becomes important with the lowest energy spatial solution being symmetric under
exchange of any two variables. Therefore, it is not a valid solution for three fermions
and, hence, is discarded in the present consideration. The second lowest energy is
doubly degenerate with the eigenstates corresponding to diagrams 3.1c and 3.1d. One
of these states is then propagated with a kick strength of E0 = 10−4 (Fig. 4.4) and
E0 = 0.1 (Fig. 4.5). The exact linear spectrum shows two transitions at 0.36 a.u. and
0.62 Ha. Again, we observe that LDA underestimates these excitation energies giving
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Figure 4.4: Discrete region of the response spectra of Be+ for a linear kick, E0 = 10−4 in
Eq. (4.6), comparing the exact, the EXX and the ALDA propagations. The
exact ionization potential is at 0.83 Ha and the LDA HOMO at 0.63 Ha.
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Figure 4.5: Discrete region of the response spectra of Be+ for a non-linear kick, E0 = 0.1
in Eq. (4.6), comparing the exact, the EXX and the ALDA propagations.
The exact ionization potential is at 0.83 Ha and the LDA HOMO at 0.63 Ha.
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0.34 a.u. and 0.55 a.u., respectively. Fig. 4.5 for a non-linear kick contains two more
peaks in the exact spectrum at 0.09 a.u. and 0.16 a.u. which are, however, difficult to
resolve. In the ALDA spectrum only the peak at 0.16 a.u. can be resolved. From the
exact calculation of excited states we know that there should be several more transitions
at very small frequencies. Those are, however, very close to each other and, hence, more
difficult to resolve.

Summarizing, the 1D-ALDA response spectra for an applied electric field in the per-
turbative regime show the same quality known from 3D calculations with low energy
excitations being well described while Rydberg and double-excitations missing. Notice
that in contrast to 1D-ALDA, 1D-EXX has the right assymptotic behaviour and there-
fore contains the Rydberg excitations. Generally, for the 1D-ALDA one can expect
the same successes and failures in applications that are known from 3D calculations,
i.e. the quality of the LDA results appears to be independent of the dimensionality.
We emphasize that the 1D-ALDA yields a good description not only for a linear per-
turbation but also for a non-linear kick. As an important conclusion, one can expect
3D-ALDA calculations to perform well for the response to a non-linear kick as well,
where the experimental data is often difficult to interprete.
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4.2.2 Double-excitations 3

In order to investigate how double-excitations in the linear response spectrum, we em-
ploy the “nuclear” short-ranged potential Eq. (3.5) for which the one-particle problem
can be solved analytically [42] and the resulting eigenvalues are given as

ǫj = −1

8

(

√

1 + 8 U − 1− 2j
)2

(4.7)

for j = 0, 1...N . Here, the term in parenthesis needs to be positive which restricts the
number of bound states of the system. In other words, by choosing the parameter U
appropriately, one can tune the number of bound states. For our calculations we choose
U = 10 which leads to the four bound single-electron states shown in Fig. 4.6.
Putting two electrons into our system, we calculate the total energies for non-

interacting electrons as well as for electrons interacting via the soft-Coulomb interaction
(3.2). The results for the first ten states are given in Table 4.2.
As the energy differences between the interacting and non-interacting cases are small,
we can treat the many-body states as perturbed independent-particle states. This
treatment is convenient because in the independent-particle picture double-excitations
are well defined: they describe transitions in which two electrons get excited with the
excitation energies given as the sum of two single-particle excitations. The excitation
energies for the different transitions are shown in Table 4.3.
We remark that the two-particle eigenstates of the symmetric well Eq. (3.5) can be
chosen to be eigenstates of the parity operator and, hence, can be classified as even and
odd. For odd operators like the dipole operator the transitions from the ground state
(even) to even two-particle excited states have zero oscillator strength. Nevertheless,
these transitions can be visible if a non-linear kick is applied. In addition, starting
from the non-interacting ground state, doubly excited states have zero weight in the
density-response function because the density operator is a single-particle operator.
Thus, also the odd doubly excited two-particle states have zero oscillator strength for
non-interacting particles. The 5th excited state of both interacting and non-interacting
electrons can clearly be identified as a double-excitation. This transition corresponds to
both electrons getting promoted to the first excited state ε1. However, this two-particle
excited state is even under parity and, hence, the transition is dipole-forbidden.
The first double-excitation which is dipole-allowed is Ω12 which, in the independent-

particle picture, corresponds to one electron getting promoted to the first excited state
ε1 and the other to the second excited state ε2. It has an excitation energy of 9.50 a.u.
in the non-interacting system. The first ionization potential of the system, however, is
8.00 a.u. which implies that the dipole-allowed double-excitation lies in the continuum
part of the spectrum. In addition, Ω12 has zero weight in linear response for the non-
interacting system because the transition matrix element vanishes as the final state
differs from the initial state in two orbital occupations. For the interacting system,
however, the two-particle spatial singlet wave function is no longer given as a product
of the lowest energy single-particle orbital. A configuration interaction (CI) expansion
of this wave function also contains terms which correspond to single excitations of the
non-interacting particles. As a result, the double-excitation Ω12 becomes accessible in
linear response. This can be seen in Fig. 4.7, where we plot the absorption spectrum of
the two-electron system both for interacting and non-interacting electrons. We observe

3 This section is part of the article Time-dependent density-functional and reduced density-matrix

methods for few electrons: Exact versus adiabatic approximations,Chemical Physics 391, 1-10
(2011) ,by N. Helbig, J.I. Fuks, I.V. Tokatly, H. Appel, E.K.U. Gross and A. Rubio
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Figure 4.6: External cosh-potential and single-particle eigenvalues. In the non-
interacting two-particle ground state both electrons occupy the lowest en-
ergy level in a singlet configuration.

Symmetric well Asymmetric well
State j non-interact. interacting non-interact. interacting Spin

0 -16.00 -15.10 -16.92 -16.02 singlet
1 -12.50 -11.75 -13.21 -12.45 singlet
2 -12.50 -11.62 -13.21 -12.32 triplet
3 -10.00 -9.31 -10.52 -9.83 singlet
4 -10.00 -9.30 -10.52 -9.81 triplet
5 -9.00 -8.22 -9.48 -8.70 singlet
6 -8.50 -7.98 -8.90 -8.38 singlet
7 -8.50 -7.97 -8.90 -8.38 triplet
8 -8.00 -7.90 -8.45 -8.36 singlet
9 -8.00 -7.90 -8.45 -8.36 triplet

Table 4.2: Energies (in Hartree) for two-particle states in the symmetric well poten-
tial (3.5) and the asymmetric well Eq. (4.8) without interaction and with
soft-Coulomb interaction, Eq. (3.2). The 5th excited-state corresponds to a
double-excitation.

Symmetric well Asymmetric well
Excitation Symmetry non-interact. interact. non-interact. interact.

Ω01 odd -3.50 -3.48 -3.71 -3.70
Ω02 even -6.00 -5.80 -6.40 -6.21
Ω11 even -7.00 -6.88 -7.44 -7.32
Ω03 odd -7.50 -7.13 -8.02 -7.64
Ω12 odd -9.50 ∼ -9.28 -10.11 ∼ -9.91

Table 4.3: Excitation energies (in Hartree) for two particles in the symmetric well
potential (3.5) and the asymmetric well Eq. (4.8) without interaction and
with soft-Coulomb interaction, Eq. (3.2). Ω11 and Ω12 are double-excitations.
We show the symmetry of the two-particle excited state for the symmetric
well.
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Figure 4.7: Absorption spectrum of the cosh-squared potential, Eq. (3.5), for a linear
kick. For interacting electrons we observe an additional transition at about
9.4 a.u. that corresponds to Ω12 (see inset).

that the interacting spectrum shows a small dip at ≈ 9.4 a.u. which is close to the
energy difference between the ground state and the dipole-allowed double-excitation
described earlier (as this excitation lies within the continuum its energy cannot be
computed directly but an estimate can be found from Ω01 + Ω02). We can clearly see
that the transition lies within the continuum, or more precisely, due to the calculation
being done in a finite box, within the excitations to box states. Because of the nearby
excitations to the continuum, the frequency Ω12 of the bound transition is shifted
slightly [132].

Non-symmetric Hamiltonian

In order to investigate the double-excitations which are forbidden by symmetry, we
break the spatial symmetry of the system by modifying the external potential to

vasymcosh (x) = −U(1 + 0.5x)

cosh2(x)
. (4.8)

As the Hamiltonian for this case no longer commutes with the parity operator, the
eigenstates do not have a specific symmetry. Therefore, the previously dipole-forbidden
transitions now have a finite oscillator strength. Also, the modification is small enough
to leave the ordering of the states intact, i.e. the fifth excited state still has double-
excitation character and the energies are approximately those of the symmetric system
(see Table 4.2 for details). As we can see in Fig. 4.8 this leads to an additional peak
slightly above 7.3 a.u. which corresponds to the transition Ω11 from the ground state
to the fifth excited state. In Fig. 4.9 we also include DFT linear response spectra for
the symmetry-broken potential Eq. (4.8) using EXX and the 1D-ALDA functional of
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Figure 4.8: Absorption spectrum of the asymmetric cosh-squared potential, Eq. (4.8),
for a linear kick. Notice that for interacting electrons the double-excitation
Ω11 appears at about 7.3 a.u. and Ω12 shifts to about 10.0 a.u.
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Figure 4.9: Absorption spectra under a linear kick for asymmetric cosh-squared pote-
nial, Eq. (4.8). Both double-excitations Ω11 and Ω12 are missing in AT-
DDFT (EXX and ALDA).
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Figure 4.10: Absorption spectrum for a non-linear kick using EXX for asymmetric
cosh-squared potenial, Eq. (4.8). The double-excitation Ω11 appears at
about 7.4 a.u. (see arrow).

section 4.2.1. It is not surprising that the double-excitation Ω11 is missing from the
resulting spectra given that both approximations are adiabatic [113,201]. However, as
we can see in Fig. 4.10, the double-excitation Ω11 becomes visible even for the adiabatic
EXX functional if a non-linear perturbation is applied.

Moving double-excitations into the discrete part of the spectrum

With the aim of studying the double-excited state Ω12 in more detail we increase the
strength of the cosh-well potential such that the ionization threshold shifts towards
higher energies and we get Ω12 into the discrete part of the spectrum. For this purpose
we have chosen U = 20 in Eq. (4.8). For this potential the two-particle states have the
energies listed in Table 4.4.

In Fig. 4.11 we show the response spectra for the time propagation of the exact
interacting Hamiltonian and for the EXX functional in octopus code applying a non-
linear kick of E0 = 10−3. Notice that double-excitations Ω11 and Ω12 become visible
even for ATDDFT for a non-linear kick. However, in contrast to the single excitations
that are practically on top of the exact ones the peaks corresponding to ΩEXX

11 and
ΩEXX
12 are slightly shifted with respect to the exact ones. Actually, looking at the

data in Table 4.5 one realizes that this shift brings ΩEXX
11 and ΩEXX

12 closer to the
exciation energies corresponding to a sum of two single excitations: ΩEXX

11 ≈ 2Ω01 and
ΩEXX
12 ≈ Ω01 +Ω02.
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Symmetric well Asymmetric well
State j non-interact. interacting non-interact. interacting Spin

0 -34.16 -33.22 -36.14 -35.21 singlet
1 -28.81 -27.99 -29.65 triplet
2 -28.81 -27.89 -29.55 singlet
3 -24.46 -23.68 -25.04 triplet
4 -24.46 -23.67 -25.03 singlet
5 -23.46 -22.63 -23.96 singlet
6 -21.12 -20.42 -21.52 triplet
7 -21.12 -20.41 -21.52 triplet
8 -19.12 -18.43 -19.46 triplet
9 -19.12 -18.26 -19.31 singlet

Table 4.4: Energies for two-particle states in the symmetric well potential Eq. (3.5),
U = 20 and the asymmetric well, Eq. (4.8) , U = 20, without interaction
and with soft-Coulomb interaction, Eq. (3.2). The 5th and the 9th excited
state correspond to double-excitations.

Symmetric well Asymmetric well
Excitation Symmetry non-interact. interact. non-interact. interact.

ioniz.thr. 17.08 16.14 18.07 17.14
Ω01 odd -5.35 -5.23 -5.66
Ω02 even -9.70 -9.54 -10.18
Ω11 even -10.70 -10.59 -11.25
Ω03 odd -12.80 -13.69
Ω12 odd -15.05 -14.96 -15.89

Table 4.5: Excitation energies (in Hartree) for two particles in the symmetric well
potential, Eq. (3.5) with U = 20, and the asymmetric well, Eq. (4.8) with
U = 20, without interaction and with soft-Coulomb interaction, Eq. (3.2).
Ω11 and Ω12 are double-excitations. We show the symmetry of the two-
particle excited state for the symmetric well.
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Figure 4.11: Response spectrum for non-linear kick for two electrons using EXX in
the modified cosh-well potential, Eq. (4.8) with U = 20. The double-
excitations Ω11 and Ω12 appear at about 11.24 a.uand 15.90 a.u., respec-
tively.

4.3 Non-linear spectroscopy: the general case of Rabi physics

Despite of the success of linear response schemes to describe excitations of many elec-
tron systems, many physical processes stemming from the interaction of light with
matter are non-linear in nature (i.e. photo-reactivity, quantum control of populations,
etc). A prototype effect, ubiquitous in many fields of physics, are Rabi oscillations.
Rabi oscillations take place between the ground-state Ψg and a dipole-allowed excited-
state Ψe when a monochromatic laser with a frequency ω close to the resonance
∆ = ǫe − ǫg, where ǫg and ǫe denote the eigenenergies of ground and excited-state
respectively, is applied (see Fig. 4.12). The time-dependent dipole moment d(t) dis-
plays fast oscillations with the frequency ω of the applied laser and an envelope that
oscillates with the Rabi frequency Ω, which is determined by the amplitude of the
external field E0, the dipole matrix elements between states k, l,

dkl = 〈Ψk|
N
∑

j

r̂j |Ψl〉 (4.9)

and the detuning δ = ω − ∆ from resonance. Rabi oscillations are one of the few
analytically solvable 4 cases of electron dynamics where the population of states changes
dramatically in time (highly non-linear).
For an effective two-level system the time-dependent many-body state |Ψ(t)〉 can be

4 Rabi’s solution for the time-dependent populations is analytic but not exact, since it uses the
Rotating Wave Approximation (RWA)
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Chapter 4: Time-dependent phenomena

Figure 4.12: Scheme of close-to-resonant Rabi oscillations.

written as a linear combination of both ground and excited states, i.e.

|Ψ(t)〉 = ag(t)|Ψg〉+ ae(t)|Ψe〉, (4.10)

with |ag(t)|2 = ng(t) and |ae(t)|2 = ne(t) being the time-dependent populations of the
ground and excited-states, respectively. Normalization of the wave functions implies,

ng(t) + ne(t) = 1. (4.11)

In order to reduce the solution space to a 2× 2 vector-space we impose the condition

Ω0 << ω, (4.12)

where Ω0 = E0dge is the resonant Rabi frequency. In other words, the interaction
of the system with the external field has to be weak such that only the first order
in the perturbation is relevant. This does not imply that the process is linear, for
resonant cases the response function Eq. (2.75) of the system has poles, thus even if
the perturbation is small the changes in the density δn(r, ω) are large, i.e. resonant
processes are highly non-linear. What the condition (4.12) implies is the existence
of two well-separated timescales: one governed by the external frequency ω and the
other determined by the Rabi frequency Ω0, the frequency of the oscillations between
the ground and the excited-state. This timescale separation allows for the use of the
rotating wave approximation (RWA) [43]. In order to make use of RWA the frequency
of the field ω = ∆+ δ has to be close to the resonance ∆, which implies

δ << ω. (4.13)

If the latter condition is fulfilled we can neglect time averages of terms that oscillate with
frequency (ω+∆) compared to terms that oscillate with frequency (ω−∆) = δ. Notice
that within RWA it only makes sense to look at observables that have a characteristic
time larger than 1/∆.
Employing these two conditions we evaluate the matrix elements of Hamiltonian (2.2)
in the presence of an external field E(t) coupled in dipole approximation,

Ĥ =

(

ǫg − dggE(t) −degE(t)
−degE(t) ǫe − deeE(t)

)

, i∂t |Ψ(r, t)〉 = Ĥ |Ψ(r, t)〉. (4.14)
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4.3 Non-linear spectroscopy: the general case of Rabi physics

The solution of the time-dependent Schrödinger Eq. (4.14) for a sinusoidal field of
the form,

E(t) = E0 sin(ωt) (4.15)

that fulfills conditions (4.12-4.13) is known as Rabi oscillations. The coefficients ag(t)
and ae(t) in Eq. (4.10) are given by,

a∗g,e = |ag,e|e−iαg,e =
√
ng,e e

−iαg,e , (4.16)

where αg,e is a time-dependent phase. Using Eq. (4.10) gives for the dipole moment,

d(t) = 〈ψ(t)|
N
∑

j=1

r̂j |ψ(t)〉 = 2degRe(a
∗
gae) = 2deg

√
ngne cos(αe − αg). (4.17)

This can be rewritten as,

d(t) = deg (b1(t) cos(ωt) + b2(t) sin(ωt)) (4.18a)

= deg

√

b21(t) + b22(t) cos (ωt+ ϕ(t)) , (4.18b)

with ϕ(t) = arctan b2(t)/b1(t).
By comparing Eq.(4.17) and Eq.(4.18a) we do the following identifications,

√

b21(t) + b22(t) = 2
√
ngne, (4.19)

ϕ(t) = (αe − αg)− ωt. (4.20)

Alternatively,

d(t) = deg

√

b21(t) + b22(t) (cos(ωt) cos(ϕ(t))− sin(ωt) sin(ϕ(t))) , (4.21)

we obtain,

d(t) = 2deg

√

ng(t)ne(t) cos(ωt+ ϕ(t)), (4.22)

where ϕ(t) is a slowly varying (on the scale of 1/ω) part of the phase difference of the
coefficients ag,e(t).

The Rabi dynamics is encoded in the envelope of the dipole moment through the
time dependence of ng(t) and ne(t).

4.3.1 Local Rabi oscillations: Symmetric Hamiltonian

If the Hamiltonian of the system conserves parity then its eigenstates, similar to the
eigenstates of a box, are in an alternating sequence of odd and even symmetry. The
dipole operator only couples states of opposite symmetry in space, i.e. it can only
couple symmetric states with antisymmetric states. Given a symmetric Hamiltonian
H(x) = H(−x) of the form Eq. (2.2) its ground state can only couple to the odd excited
states in dipole approximation, i.e. d2ng = 〈Ψg|x̂|Ψ2n〉 = 0, where |Ψ2n〉 is the 2n even
excited state, which has identical symmetry as the ground state. After the two-level
projection and for a sinusoidal electric field,

E(t) = E0 sin(ωt), (4.23)
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the time-dependent Schrödinger equation, Eq. (4.14), reduces to the form

i∂t

(

ag(t)
ae(t)

)

=

(

ǫg degE(t)
degE(t) ǫe

)(

ag(t)
ae(t)

)

, (4.24)

with the Rabi frequency given by

Ω =
√

δ2 + (dgeE0)2. (4.25)

As a first step, we formulate a system of equations for physical observables, the
dipole moment d(t) = 2degRe[a

∗
gae], the “transition current” J(t) = 2degℑ[a∗gae], and

the populations ng,e(t) = |ag,e|2. From the time-dependet Schrödinger equation for
ag,e(t) and the above definitions of d(t), J(t) and ng,e(t) one can derive the following
coupled differential equations for these quantities,

∂td(t) = ∆J(t), (4.26)

∂tJ(t) = −∆d(t)− 2(ng − ne)|deg|2E(t), (4.27)

∂tne(t) = −J(t)E(t). (4.28)

Eqs. (4.26), (4.27), and (4.28) correspond to the two-level version of the continuity
equation, the equation of motion for the transition current, and the energy balance
equation, respectively. These equation have to be supplemented with the normalization
condition ng(t) + ne(t) = 1, and the initial conditions d(0) = J(0) = ne(0) = 0.

By combining Eqs. (4.26) and (4.27), one obtains an equation of motion for the dipole
moment d(t)

∂2t d(t) = −∆2d(t)− 2(1− 2ne)∆|deg|2E(t). (4.29)

The next step in the derivation is to simplify this equation using the RWA. Namely, we
separate “fast” and “slow” time scales by writing the dipole moment as in Eq. (4.18a)
where the coefficients b1(t) and b2(t) are assumed to be slowly varying (∂tb/b≪ ω = ∆+
δ). Inserting the ansatz of Eq. (4.18a) into Eq. (4.29) and making use of the condition
δ,Ω0 << ∆, we arrive at the following system of first-order differential equations for
the slowly-varying variables

∂tb2(t)− δb1(t) = 0, (4.30)

∂tb1(t) + δb2(t)− Ω0(1− 2ne) = 0. (4.31)

From Eqs. (4.28) and (4.26) we obtain the equation of motion for the population of the
dipole-allowed excited state,

∂tne =
1

2
Ω0b1(t), (4.32)

where we again kept only leading terms in ω and, as usual in the RWA, neglected terms
oscillating with 2ω. Combining this equation with Eq. (4.30) results in

∂t

[

b2(t)−
2δ

Ω0
ne(t)

]

= 0, (4.33)

which, together with the initial conditions ne(0) = 0 and ∂td(0) = 0, yields

b2(t) =
2δ

Ω0
ne(t), (4.34)
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and, due to Eq. (4.30),

b1(t) =
2

Ω0
∂tne(t). (4.35)

Finally, by inserting Eq. (4.34) and Eq. (4.35) into Eq. (4.31) we arrive at the differ-
ential equation of the excited state in the many-body interacting system,

∂2t ne(t) = −
(

δ2 +Ω2
0

)

ne(t) +
1

2
Ω2
0, (4.36)

with initial conditions ne(0) = 0 and ∂tne(0) = 0. Eq. (4.36) describes a harmonic os-
cillator with a restoring force which increases with increasing detuning δ (see potentials
for different detunigs δ in Fig. 4.15). Thus, increasing δ results in a squeezing of the
harmonic potential leading to a decrease of the amplitude of the oscillations according
to nmax

e = Ω2
0/(Ω

2
0 + δ2) and a larger Rabi frequency (see Fig. 4.13).

4.3.2 Charge-transfer non-local Rabi oscillations: Non-symmetric
Hamiltonian

If the Hamiltonian in Eq. (2.2) does not conserve parity, i.e. H(x) 6= H(−x) then it
is not longer true that dkk in Eq. (4.9) vanishes. In section 4.3.5 we will study a het-
erogenous ”diatomic-molecule” whose Hamiltonian breaks parity. The idea is to apply
a resonant oscillating field to study the promotion of an electron from the ground-state
to a charge-transfer excited state. It corresponds to Rabi’s solution for a non-symmetric
Hamiltonian. For such systems the external field also contributes to the diagonal com-
ponents of the matrix Hamiltonian. In this section we introduce the Rabi solution for
such resonant charge-transfer processes.
After the two-level projection (assuming conditions 4.12-4.13 are fulfilled) for a cosinu-
soidal electric field,

E(t) = E0 cos(ωt) (4.37)

the time-dependent Schrödinger equation i∂t|ψ(t)〉 = Ĥ|ψ(t)〉 reduces to the form

i∂t

(

ag(t)
ae(t)

)

=

(

Eg − dggE(t) −degE(t)
−degE(t) Ee − deeE(t)

)(

ag(t)
ae(t)

)

. (4.38)

Within the RWA the resonant Rabi frequency Ω0 is given by [200],

Ω0 =
−degE0

z
J1[z], z =

(dee − dgg)E0

ω0
, (4.39)

where J1[z] is the first order Bessel function. The charge-transfer state is reached at

TR/2 = π/(
2dgeE0

z J1[z]).

4.3.3 Dynamical detuning in local Rabi oscillations described by adiabatic
functionals5

In this section we show that for all adiabatic functionals the observed oscillations in
the dipole moment can indeed be described as Rabi oscillations, however, with a non-
resonant laser frequency. The employed adiabatic approximation results in a detuning,

5 This section is part of the article Non-linear phenomena in time-dependent density-functional

theory: What Rabi physics can teach us, Phys. Rev. B 84, 75107 (2011), by J.I. Fuks, N. Helbig,
I. V. Tokatly and A. Rubio
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Figure 4.13: Dipole moment (red) and populations ne (solid black line) and ng (dashed
black line) from the analytic solution of (4.24) using E0 = 0.0125ω for
detuning δ = 0.08Ω0 (0.0006 Ha) (a) and δ = 2.2Ω0 (0.016 Ha) (b).

i.e. the system is driven out of resonance by the change in the Kohn-Sham (KS) potential
which is due to the change in the density. The failure of adiabatic density functionals
to correctly describe Rabi oscillations has some resemblance to well-known problems
of describing double and charge-transfer excitations [113,114] and ionization processes
[144] that were all traced back to the lack of memory in the functional. We use here
the example of Rabi oscillations to identify the physics behind the failure of adiabatic
constructions to describe resonant non-linear dynamics. Our results show that the
problems are not limited to adiabatic TDDFT but affect any mean-field theory.
In order to investigate the description of Rabi oscillations within TDDFT we analyze a
1D-Helium soft-Coulomb atom. (see exactly-solvable models in section 3.1). For ease of
comparison we haven chosen the same model as in [186]. The nuclear potential V̂ = V̂nuc
is given by Eq. (3.4) with Z = 2, soft Coulomb parameter a = 1 is employed and the
soft-Coulomb electron-electron interaction V̂ee is given by Eq. (3.2). The calculations
are performed using the octopus code for a simulation box ranging from −100 to 100
a.u. with a spacing of 0.2 a.u.. The obtained eigenvalues are ǫg = −2.238 a.u. and
ǫe = −1.705 a.u., and the static dipole matrix element is deg = 1.104. In order to induce
Rabi oscillations, a laser field is coupled to the Hamiltonian in dipole approximation,

Ĥ = Ĥ +

N
∑

j=1

rjE(t), (4.40a)

E(t) = E0 sin(ωt) (4.40b)

and turned on at t = 0, with E0 = 0.0125ω and frequency ω close to the resonance ∆ ≈
ǫe − ǫg, ensuring conditions (4.12-4.13) are satisfied. In Fig. 4.13 the time-dependent
dipole moment d(t) and the populations ng(t) and ne(t) for δ = 0.08Ω0 and δ = 2.2Ω0

are shown. The effect of the detuning manifests in an incomplete population of the
excited state and a consequent decrease in the amplitude of the envelope of d(t) that is
proportional to

√
ngne (see Eq. (4.22)). For small detuning the minima and the maxima
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of ne coincide with minima of the envelope, but for larger detuning the dipole moment
only goes to zero for the minima of ne. In Fig. 4.13a, δ is very small but non-zero
leading to the appearance of a neck at the odd minima of the envelope function which
coincide with the minima of ng. The neck increases with increasing δ and evolves
into a maximum for Fig. 4.13b. Thus, the first minimum of Fig. 4.13b corresponds
to one complete cycle and can be identified with the second minimum in 4.13a. A
comparison between the analytic solution of Eqs. (4.22)-(4.36) and the results of the
time-propagation with the octopus code shows perfect agreement, which confirms that
the conditions (4.12-4.13) are fulfilled for the chosen values of E0 and ω.

Local Rabi oscillations in the Kohn Sham system

In TDDFT the interacting system is mapped onto a non-interacting KS system which
reproduces the correct density n(r, t) [38, 69]. The time-dependent KS Hamiltonian
corresponding to (4.40a) is given as

Ĥs = Ĥ0
s + V̂ dyn

Hxc (t) + r̂E(t), (4.41)

where the static KS Hamiltonian reads Ĥ0
s = T̂+V̂nuc+V̂Hxc[n0]. The static KS orbitals

φj(r) are eigenfunctions of Ĥ0
s with eigenvalues ǫsj and the time-dependent density is

computed as n(r, t) =
∑N

j |φj(r, t)|2. Here, we are studying a two-electron singlet
system, but within the two-level approximation there is always one unique orbital
that is getting deoccupied and another that is getting populated, independent of the
number of particles. Thus, the time evolution only affects one unique orbital and
follows from the KS equation i∂tφ(r, t) = Ĥsφ(r, t) with initial condition φ(r, t = 0) =
φg(r). The KS equation is non-linear due to the dependence of the Hartree-exchange-
correlation potential VHxc on the density which, for two electrons in a singlet state,
is given as n(r, t) = 2|φ(r, t)|2. The time-dependent dipole moment d(t) is an explicit
functional of the time-dependent density, i.e. d(t) =

∫

d3rn(r, t)r. The exact KS system
reproduces the exact many-body density n(r, t) and, hence, the exact dipole moment
d(t). However, this need not be true for an approximate functional. Especially, using
adiabatic approximations has been shown to have a dramatic effect on the calculated
density during Rabi oscillations [186].

Here, we employ two different approximations to the one-dimensional xc potential,
the adiabatic local density approximation (ALDA) from section 4.2.1 and exact ex-
change (EXX), which for a two-electron singlet is adiabatic and equal to Hartree-Fock.
The resonant frequencies are calculated from linear response in octopus which yields
ωALDA = 0.476 a.u. and ωEXX = 0.549 a.u.. We then apply a laser field in analogy to
the exact calculation with an amplitude of E0 = 0.0125ω using the resonant frequency
for each case. Propagating with the ALDA and EXX results in the dipole moments
shown in Fig. 4.14a and 4.14b respectively. Notice that despite of the applied laser
being in resonance with the system, both EXX and ALDA approximations show the
characteristic signature of detuned Rabi oscillations: the population of the excited state
is incomplete and the zeros of the dipole moment coincide with the minima of nse but
not with the minima of nsg, giving a similar picture as in Fig. 4.13b. As the KS system
only has to reproduce the exact density, we do not expect a complete population of the
excited KS orbital. However, as we can see from Fig. 4.14, the system remains mainly
in its ground state and, like already pointed out in [186], its density resembles mostly
the ground-state density. This does not imply that the KS system is not undergoing
Rabi oscillations. Based on the behavior of the populations we postulate that the oscil-
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Figure 4.14: Dipole moment (red) and populations nse (solid black line) and nsg (dashed
black line) for ALDA (a) and EXX (b). The results from the theoretical
model Eq. (4.57) are given in (c). The calculations in (a) were performed
for ωALDA = 0.476 a.u. and the ones in (b) and (c) for ωEXX = 0.549
a.u..

lations seen in Fig. 4.14 are in fact detuned Rabi oscillations and not of classical origin
as claimed in [186].

Adiabatic TDDFT

If an adiabatic approximation is used, the potential at time t is a functional of the
density at this time, i.e. VHxc(t) = VHxc[n(t)]. In the following, we show that VHxc(t)
indeed introduces a detuning that drives the system out of resonance. We again rely
on the conditions (4.12-.4.13), i.e. we describe the KS system as an effective two-level
system with

φ(t)(r, t) = asg(t)φg(r) + ase(t)φe(r). (4.42)

Projecting the KS Hamiltonian (4.41) onto the two-level KS space (4.42) yields the
2× 2 matrix

(

ǫsg + ǫxcg (t) dsegE(t) + Fxc(t)

dsegE(t) + Fxc(t) ǫse + ǫxce (t)

)

(4.43)

with the dipole matrix element deg given by Eq. (4.9). The additional terms, ǫxcg,e(t) =

〈φg,e|V̂ dyn
Hxc (t)|φg,e〉 and Fxc(t) = 〈φg|V̂ dyn

Hxc (t)|φe〉, describe the fictitious time-dependence
that results in a dynamical detuning of the Rabi oscillations. As in the linear Rabi oscil-
lations, the matrix (4.43) determines the coefficients asg(t) and a

s
e(t) and the equations

of motion for the dipole moment ds(t) and the population nse(t) = |ase(t)|2. Compared
to Eq. (4.14) we note that each entry in (4.43) contains an additional term depending

on V dyn
Hxc . In order to investigate the consequences of this term we again study the

1D-Helium atom and use the EXX functional for which a relatively simple analytic ex-
pression for the additional matrix elements can be derived. The behavior using ALDA
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is very similar to the one for the EXX approximation (see Fig. 4.14a). The analysis,
however, is more involved due to the functional not being linear in the density.

Analytic expression for the dynamical detuning within EXX

For the two-electron singlet case investigated here, the Hartree-exchange-correlation
potential V EXX

Hxc (x, t) is equal to half the Hartree potential and, hence, given as

V EXX
Hxc (x, t) =

1

2

∫

d3xV̂ee(|x− x′|)(n0(x′) + δn(x′, t)). (4.44)

Here, the part containing n0 determines Vhxc[n0] while δn results in the additional

V dyn
Hxc . We then rewrite the contributions to the diagonal terms of Eq. (4.43) as

ǫxcg (t) = λgn
s
e(t), ǫxce (t) = λen

s
e(t), (4.45)

where, in EXX, the coefficient λ reads

λg,e=

∫∫

dx dx′
(

|φe(x′)|2 − |φg(x′)|2
)

V̂ee(|x− x′|)|φg,e(x)|2. (4.46)

For the off-diagonal contributions we recall that ds(t) = 2dsegRe[a
s
g(t)

∗ase(t)], as in

the exact case, and rewrite the contribution of V dyn
Hxc (t) to the off-diagonal terms as a

coefficient g multiplied by the time-dependent dipole moment

Fxc(t) = g
ds(t)

dseg
. (4.47)

Here, g is given as

g =

∫∫

dxdx′φe(x
′)φg(x

′)V̂ee(|x− x′|)φg(x)φe(x). (4.48)

The coefficient g also enters when one calculates the resonant frequencies in linear
response. Within the two-level approximation the resonant frequency is given as ωs

0 =
√

∆s(∆s + 2g) which yields ωEXX
0 = 0.532 Ha. The deviation from ωEXX calculated

from the time propagation of the Hamiltonian (4.41) in octopus is of the order of 3%,
coinciding with the deviation of our system from a true two-level system which we
estimate from

(

1− (nsg(t) + nse(t))
)

.
Following the same scheme as in section 4.3.3, we now derive an equation describing

the dynamics of the KS population nse(t). The equations of motion for the KS quantities,
ds(t) = 2dsegRe[(a

s
g)

∗ase], J
s(t) = 2dsegℑ[(asg)∗ase], and nsg,e(t) = |asg,e|2 are similar to

Eqs. (4.26)-(4.28) and can be obtained with the following replacements:∆ → ∆(t) =
∆s + ǫxce (t)− ǫxcg (t), and degE(t) → dsegE(t) +Fxc(t). One can again derive an equation
of motion for the dipole moment (in analogy to Eq. (4.29)) which, due to the additional
time dependence in ∆(t), aquires an additional term and reads

∂2t d
s(t) =−∆2(t)ds(t) +

∂t∆(t)

∆(t)
∂td

s(t)

− 2(nsg − nse)∆(t)deg(d
s
egE(t) + Fxc(t)),

(4.49)

where Fxc(t) is given by Eq. (4.47). For the two-electron singlet case and EXX approxi-
mation, the time-dependent contribution to the Hartree-exchange-correlation potential
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is proportional to δn(x, t). As δn(x, t) = 2nse(t)(|φe(x)|2 − |φg(x)|2) + 2ds(t)φg(x)φe(x)
we obtain

∆(t) = ∆s + λnse(t) (4.50)

with λ = λe − λg and λg,e defined in Eq. (4.46).
The resonant frequency ωEXX

0 is now not given by the KS energy difference ∆s but
needs to be calculated from the linear response. In the linear regime Eq. (4.49) reduces
to the following form

∂2t d
s(t) = −∆s

(

(∆s + 2g)ds(t)− 2∆s|dseg|2E(t)
)

. (4.51)

From the first term on the right hand side in Eq. (4.51) we identify the linear response
resonant frequency as

ωEXX
0 =

√

(∆s + 2g)∆s. (4.52)

We can now apply the same procedure to Eq. (4.49) as in the interacting case to
derive an equation of motion for the occupation nse(t). For the KS system we consider
only the case of a resonant excitation, ω = ωEXX

0 , i. e. δ = 0. Employing the ansatz
Eq. (4.18a) for the KS dipole moment ds(t), in analogy to Eqs. (4.30) and (4.31) we
obtain

∂tb
s
2(t) + (λ− 2g)nse(t)b

s
1(t) = 0, (4.53)

∂tb
s
1(t)− (λ− 2g)nse(t)b

s
2(t)− Ωs(1− 2nse(t)) = 0,

with Ωs = dsegE0. From the EXX analog of Eq. (4.28) (the energy balance equation)
we find that to leading order in RWA the equation of motion for the occupation has
exactly the same form as Eq. (4.32), i. e.,

∂tn
s
e(t) =

1

2
Ωsb

s
1(t). (4.54)

Therefore, with the initial conditions nse(0) = 0 and ∂tn
s
e(0) = 0 we get for the two

coefficients

bs1(t) =
2

Ωs
∂tn

s
e(t), (4.55)

bs2(t) = −λ− 2g

Ωs
(nse(t))

2. (4.56)

Finally, by inserting Eq. (4.55) and Eq. (4.56) into Eq. (4.54) and using again the RWA
we obtain, to leading order in λ/ω0 and g/ω0, the following differential equation for the
level population nse(t) (see Appendix B for the derivation)

∂2t n
s
e(t) = −

(

γ2

2
nse(t)

2 +Ω2
s

)

nse(t) +
1

2
Ω2
s, (4.57)

with Ωs = dsegE0 and γ = λ − 2g. Neglecting higher order terms leads to an error
of about 10%. Within these error bars we can safely use Eq. (4.57) because it con-
tains all the relevant physics. Unlike Eq. (4.36) which represents a harmonic oscillator,
Eq. (4.57) corresponds to an anharmonic quartic oscillator and its solution can be
written in terms of Jacobi elliptic functions [145]. Equivalently, Eq. (4.57) can be inte-
grated numerically. Comparing Eqs. (4.57) and (4.36) we conclude that the adiabatic
approximation introduces a time-dependent detuning proportional to 1√

2
γnse(t). The
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Figure 4.15: Potentials corresponding to the differential equations (4.36) and (4.57).
The dynamical detuning leads to a quartic potential which has a similar
effect to the potential as a large detuning in the applied frequency (see
text for details). The x-axis corresponds to the population nEXX

e of the
EXX excited-state.

anharmonic oscillator no longer represents a parabola but the dynamical detuning also
results in an increase of the restoring force. This can be clearly seen in Fig. 4.15 where
we plot the potential corresponding to the restoring force in Eqs. (4.36) and (4.57) for
the detunings of Fig. 4.13 and the EXX calculation (Fig. 4.14c).

Next, we apply to the same system a field of amplitude E0 = 0.0125ωEXX and
calculate the dipole moment ds(t) and population nse(t) from Eq. (4.57). For this
system we obtain for the bare KS eigenvalues ǫsg = −0.750 a.u. and ǫse = −0.257 a.u.
which yields ∆s = 0.494 a.u.. For the various matrix elements we obtain dseg = 0.897,
g = 0.071, λ = −0.125, and γ = −0.268. The results are shown in Fig. 4.14c in
comparison to the numerically exact time-propagation in octopus (Fig. 4.14b). The
discrepancy between the numerical propagation and the analytical results is mainly due
to the fact that we kept only the leading orders in λ/ω0 and g/ω0 in the derivation
of Eq. (4.57). However, our simple model clearly captures the effect of the dynamical
detuning present in all adiabatic functionals.

Summarizing, in this section we demonstrate that the use of adiabatic approximations
leads to a dynamical detuning in the description of resonant Rabi oscillations. Only
the inclusion of an appropriate memory dependence can correct the fictitious time-
dependence of the resonant frequency.
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4.3.4 Rabi physics in the 2-site Hubbard model 6

In the following we will study the effect of the adiabatic approximation in the description
of local Rabi oscillations in the 2-site Hubbard model presented in section 3.4. We
construct here different approximations to the Hxc potential Eq. (4.60) for this model
and study their performance to describe resonant non-linear dynamics.
The main variable for this 2-site model is the expectation value of the site-occupation
difference,

∆n(t) = 〈Ψ(t)|n̂1 − n̂2|Ψ(t)〉. (4.58)

where n̂i =
∑

σ n̂iσ is the site-occupation operator. All potentials are expressed as
potential differences ∆v = v1 − v2.

We have propagated the interacting system in the presence of an oscillating external
field of the form

∆v(t) = 2E0 sin(ωt), (4.59)

with E0 = 0.1 and ω = ǫe − ǫg = 2.56 a.u., where ǫgs,e are the eigenenergies of Hamil-
tonian 3.19 with T = U = 1 and ∆v = 0. The non-vanishing dipole matrix element
gives dge = 1.23 a.u.. For these parameters the conditions for resonant Rabi dynamics
are fulfilled for the interacting system (see section 4.3 on Rabi physics for details). The
propagation was performed in a self-developed code written in the second quantization
formalism (see section 2.8 for computational details). The exact interacting density
difference ∆n(t) and its time-derivatives were obtained from this propagation and used
to benchmark the non-adiabatic effects in section 4.3.4. The exchange-correlation po-
tential reads,

∆vHxc[∆n,Ψ(t0),Φ(t0)] = ∆vxc[∆n,Ψ(t0),Φ(t0)] + ∆vH[∆n], (4.60)

where the dependence on ∆n also includes a dependence on its time-derivatives and
∆vH[∆n] =

U
4 ∆n is the Hartree potential. The exact ground-state functional found by

constrained search in section 3.4.1 is propagated self-consistently in the presence of the
same laser Eq. (4.59), the results are presented in section 4.3.4.
For this model system the exact time-dependent Kohn-Sham potential is analytically
solvable [97]- [96], a derivation is included in section 4.3.4. Within the 2-level ap-
proximation, an analytic expression for the time-dependent Hxc functional can be de-
rived, which is presented in section 4.3.4. In section 4.3.4 we study the exact time-
dependent KS populations for this 2-electron singlet, defined as the projections of the
time-dependent KS wavefunction into the static KS eigenstates.
Dynamics of the 2-site Hubbard model has been also studied in Refs. [96–99] before.

Exact time-dependent Kohn-Sham potential

For a 2-site lattice the exact time-dependent Kohn-Sham functional ∆vs has an analytic
form in terms of the density difference ∆n, its time derivatives and the initial state
Φ(t0) of the Kohn-Sham system [96, 97]. Next we derive the exact KS potential for
two-electrons, N = n1 + n2 = 2, in the 2-site Hubbard model.
The density difference Eq. (4.61) can be written in terms of the KS one-particle orbitals
φi as,

∆n(t) = |φ1(t)|2 − |φ2(t)|2, (4.61)

6 This section is part of the work Exact time-dependent exchange-correlation functional in the 2-site

Hubbard model: quantifying non-adiabaticity in a simple model by J.I. Fuks, M. Farzanehpour, I.V.
Tokatly, H. Appel , Stefan Kurth and A. Rubio (in preparation)
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with,

φi(t) =
√
nie

iϕi(t) (4.62)

where i labels the site. The Schrödinger equation for Hamiltonian 3.42 in the spin-up
basis {| ↑, 0〉, |0, ↑〉} 7 reads,

(

∆vs
2 −T

−T −∆vs
2

)(

φ1
φ2

)

= i

(

φ̇1
φ̇2

)

. (4.63)

which yields coupled different equations for the KS orbitals,

∆vs
2
φ1 − Tφ2 = iφ̇1, (4.64a)

−Tφ1 −
∆vs
2
φ2 = iφ̇2. (4.64b)

Differentiating Eq. (4.61) yields the continuity equation,

∆̇n = 2Re[φ̇∗1φ1 − φ̇∗2φ2] = 2Re[i

(

∆vs
2

N + 2T ℑ(φ∗1φ2)
)

] = 4T ℑ(φ∗1φ2). (4.65)

and the phase difference can be written as,

ϕ2 − ϕ1 = arcsin

(

∆̇n

2T
√

N2 − (∆n)2

)

. (4.66)

To find an expression for ∆vs in terms of the density difference, its time-derivatives
and the KS initial state we take the complex conjugate of Eq. (4.64a), multiply it by
φ2 and substract Eq. (4.64b) multiplied by φ∗2,

∆vs
2

=
−i∂t(φ∗1φ2)− T (|φ1|2 − |φ2|2)

2Re[φ∗1φ2]
, (4.67)

Differentiating Eq. (4.65) and imposing ∆vs to be real yields an expression for ∂t(φ
∗
1φ2).

Substituting the latter into Eq. (4.68) yields,

∆vs
2

= −∆̈n+ 4T 2∆n

8TRe[φ∗1φ2]
, (4.68)

the denominator can be rewritten as,

8TRe[φ∗1φ2] = ±4T
√

N2 − (∆n)2
√

1− sin2 (ϕ2 − ϕ2) (4.69)

which yields finally a KS potential difference functional for two electrons in 2 sites,

∆vexs [∆n,Φ(t0)] = (∓)





∆̈n+ (2T )2 ∆n
√

(2T )2 (N2 − (∆n)2)− (∆̇n)2



 (4.70)

If the system is at t = t0 is in its ground state, i.e. Φ(t0) = Φg, then the KS potential
corresponds to the negative solution of Eq. (4.70) 8. Alternatively, Eq.(4.70) can be
written as a differential equation,

∆vexs (∆n,Φg) =
−1

∆̇n
∂t

(
√

(2T )2 (N2 − (∆n)2)− (∆̇n)2
)

. (4.71)

7 The spin-down sector yields identical results.
8 starting at the dipole-allowed excited state corresponds to the positive solution of Eq. (4.70). For
details on the initial-state dependence of the Kohn-Sham potential for this model see Ref. [96].
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∆n is time-dependent non-interacting V -representable as long as the denominator in
Eq. (4.70) does not vanish,

|∆̇n| < 2T
√

N2 − (∆n)2. (4.72)

Condition (4.72) fixes an upper bound to the link-current, which can be identified with
the sum of currents flowing along links attached to the sites [96]. On a lattice the max-
imum density-flow between different sites (link-current) is always fixed by the hopping
parameter T (see [96] and refs. therein.). In the finite-difference representation the
continuity equation always fixes an upper bound to the time-derivative of the density,
but usually the spacing ξ between gridpoints is small and thus the hopping parameter
is large, T ∝ 1

ξ2
(see section 2.7).

The negative solution of Eq. (4.70) is valid for a system that is at t = t0 in its ground
state, the density-difference and its first time-derivative need to be consistent with the
initial KS state Φg, which implies

∆n(t0) = 2
(

|φ1(t0)|2 − |φ2(t0)|2
)

, (4.73a)

∆ṅ(t0) = −4 T ℑ (φ∗1(t0) φ2(t0)) . (4.73b)

To get the exact Hxc potential one substracts the applied external potential ∆v(t),

∆vexHxc[∆n,Φ(t0),Ψ(t0)] = ∆vexs [∆n,Φ(t0)]−∆v(t). (4.74)

Adiabatically-exact Hartree-exchange correlation functional

The adiabatically-exact functional has been introduced in section 2.5.1. Here we use
the exact ground-state Hxc functional in adiabatic approximation to propagate the KS
system. Thus, we assume ∆n(t) at every time is a ground-state density.

∆vadia−ex
Hxc [∆n,∆ṅ,∆n̈,Ψ(t0),Φ(t0)] = ∆vgsHxc[∆n(t)]. (4.75)

The adiabatically-exact functional is local in time, i.e. it approximates the time-
dependence of the exact functional by a local one, similar as the LDA approximates
the space-dependence of the exact functional by a local one.
An adiabatically-exact Hxc potential has been found numerically for real-space one-
dimensional 2-electron systems in sections 4.3.5 and 4.4 and in Ref. [188], the procedure
is detailed in section 2.8. The assumption is that the density n(x, t) of the system at
each time is known, which most times is actually what we are looking for. In this sec-
tion instead we use the exact ground-state Hxc functional found by constrained search
(see section 3.4.1) in adiabatic approximation, thus we don’t need to know the exact
interacting density to propagate the KS system.

Non-adiabatic effects

To study non-adiabatic effects we evaluate the exact Hxc potential,

∆vHxc[∆n
ex, ˙∆nex, ¨∆nex,Ψ(t0),Φ(t0)] = ∆vs[∆n

ex, ˙∆nex, ¨∆nex,Φ(t0)]− 2E0 sin(ωt)
(4.76)

at the exact density-difference and its time-derivatives, ∆nex, ˙∆nex, ¨∆nex, obtained
from the propagation of the interacting system under the action of the resonant laser
Eq. (4.59). In Eq. (4.76) ∆vs is given by Eq. (4.70). In Fig. 4.16 we show the exact Hxc
potential Eq. (4.76) and the adiabatically-exact Hxc potential, the latter corresponds to
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Figure 4.16: Exact and adiabatically-exact correlation potentials ∆vc(t) = ∆vHxc(t)−
U
4 ∆n(t) for resonant Rabi oscillations, the applied time-dependent field
has the form given in Eq. (4.59). A time-step of 0.025 a.u. has been used
in the propagation. The excited state gets completelly populated at half
the Rabi frequency, TR/2 = π

E0dge
= 25.5 a.u..

the exact ground-state Hxc evaluated at the instantaneous density ∆nex(t). In Fig. 4.17
the non-adiabatic part of the correlation potential is shown

∆vnon−adia
c (t) = ∆vHxc[∆n

ex, ˙∆nex, ¨∆nex,Ψ(t0),Φg]−∆vadia−ex
Hxc [∆nex]. (4.77)

As shown in Fig. 4.17 the non-adiabatic effects seem to grow when the point of half
filling is approaching, TR/4 = π/2E0dge ≈ 12.8 a.u., and then decrease after the next
half filling point has passed.

Self-consistent propagation of the adiabatically-exact functional

The results of the self-consistent propagation using the adiabatically-exact functional
confirm the prediction done in section 4.3.3, which postulated the presence of a dynami-
cal detuning when trying to describe resonant Rabi oscillations using adiabatic function-
als. In Fig.(4.18) we show the self consistent propagation with the adiabatically-exact
functional in comparison to the exact interacting propagation, both in the presence
of a laser resonant with the interacting resonance, ω = ǫe − ǫg. We observe that the
adiabatic approximation introduces a dynamical detuning that traduces in an increase
of the Rabi frequency and a decrease in the amplitude of the envelope, which are
characteristic features for detuned Rabi oscillations.
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Figure 4.17: Non-adiabatic part of the correlation potential Eq. (4.77). The external
field is given by Eq. (4.59) and the propagation was performed using a
time-step of 0.025 a.u..

2-level time-dependent Hartree-exchange-correlation functional

To find a Hartree-exchange-correlation functional that exclusively depends on the den-
sity difference, its time-derivatives and the initial states, one would need to extract
from Eq.(4.70) the external potential written as a functional of the density, its time-
derivatives and the interacting initial state,

∆vHxc[∆n, ∆̇n, ∆̈n,Ψ(t0),Φ(t0)] = ∆vs[∆n, ∆̇n, ∆̈n,Φ(t0)]−∆v[∆n, ∆̇n, ∆̈n,Ψ(t0)].

(4.78)

Unlike in real-space, on a lattice the dependence on the second time-derivative of the
density-difference does not cancel out, resulting in the Hxc being a functional of the
second time-derivatives of the density as well. On a lattice the maximum density-flow
between different sites (link-current) is fixed by the hopping parameter T ; as discussed
in section 4.3.4. This V -representability condition imposes an upper bound to the
first time-derivative of the density breaking Galilean invariance. As a consequence
the second time-derivative of the density does not cancel out when substracting the
Force-balance equations of interacting and Kohn-Sham systems Eqs. (2.68b-2.69b).

But eventhough ∆vHxc in Eq. (4.78) depends on ∆̈n it can be used to propagate the
KS system in the presence of any arbitrary external potential ∆v(t). ∆̈n(t0) is fixed
by the value the external potential at initial time ∆v(t0) through Eq. (2.69b), and for
lattice TDDFT we know ∆̈n(t) has to be continuos in time [96]. Thus, self-consistent
propagation of the KS system can be performed without need of information about the
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Figure 4.18: Propagated dipole moment ∆n(t) of the exact interacting system (upper
panel), and dipole moment found by self-consistent propagation using the
adiabatically-exact functional (lower panel). Both propagations were done
in the presence of a laser of the form Eq. (4.59) resonant with the inter-
acting system and for both a time-step of 0.025 a.u. was used. The full
population of the excited state is reached at TR/2 ≈ 25.5 a.u..

future.

i∂tφ
j(t) =(−T

∑

σ

(ĉ†1σ ĉ2σ + ĉ†2σ ĉ1σ)

+ ∆vHxc[∆n, ∆̇n, ∆̈n,Ψ(t0),Φ(t0)] + ∆v(t))φj(t),

(4.79)

when 〈Φ(t)|n̂1−n̂2|Φ(t)〉 equals the exact interacting density difference ∆n(t) the exter-
nal potential cancels out, i.e. ∆v[∆n, ∆̇n, ∆̈n,Ψ(t0)] = ∆v(t). The predictor-corrector
scheme ensures propagation can be performed.

Our goal is to write the external potential Eq. (4.59) in terms of the density difference,
its time-derivatives and the initial interacting state Ψ(t0) and substract it from ∆vs,
Eq. (4.70)). This would imply solving the non-linear Schrödinger equation Eq. (2.88) for
the interacting system for any arbitrary density, which is not doable. However, within
the two-level approximation (2L) an analytic expression can be found. Existence of
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the non-linear Schrödinger equation Eq. (3.42) can be proven for any exact 2-level (2L)
system because given the equivalence of both Hilbert spaces any exact 2-level system
can be mapped into a one-particle non-interacting system (for details see section IV
Ref. [96]).
In order to find an expression for ∆v2Lext as a functional of the mentioned variables,
we solve the non-linear Schrödinger Equation 4.63 for one-particle (N = 1) with the
replacements, T → ǫe−ǫg

2 and ∆n → ∆n
dge

. The off-diagonal terms will then correspond

to an effective non-interacting potential ∆v2Lext[
∆n
dge
,Φ(t0)] in the 2-level approximation,

i.e. the external potential density-functional we are looking for,

∆v2Lext[
∆n

dge
,Ψ(t0)] =

(

∆n̈
dge

+ (ǫe − ǫg)
2 ∆n
dge

4(ǫe − ǫg)Re[φ∗1(t)φ2(t)]

)

, (4.80)

the denominator can be written in terms of the density an its derivatives as,

4(ǫe − ǫg)Re[φ
∗
1(t)φ2(t)] = ∓

√

(

ǫe − ǫg)2(12 − (
∆n

dge
)2
)

− (
∆ṅ

dge
)2 (4.81)

Eq. (4.80) can be substracted from Eq. (4.70) to get an expression for the 2-level Hxc
potential,

∆v2LHxc[∆n, ∆̇n, ∆̈n,Ψ(t0),Φg] =

−





∆̈n+ (2T )2 ∆n
√

(2T )2 (N2 − (∆n)2)− (∆̇n)2



±









∆n̈
dge

+ (ǫe − ǫg)
2 ∆n
dge

√

(

ǫe − ǫg)2(12 − (∆n
dge

)2
)

− (∆ṅ
dge

)2









(4.82)

By writing the denominator of Eq. (4.80) in terms of the wavefunctions we can avoid
the ambiguity of the sign introduced by the square root in Eq. (4.81).

Linear response time-dependent Hartree-exchange correlation functional

To find a linear response (LR) Hxc functional we substract from ∆vLRs [∆n] the external
potential related to the change in the density through the linear response function
χ = δ∆vext∆n,

∆vLRHxc[∆n] = (
1

χs
− 1

χ
)∆n = fLRHxc∆n (4.83)

∆vLRHxc[∆n] =

(

T − ω0

2d2ge

)

∆n+

(

1

4T
− 1

2ω0d2ge

)

ω2, (4.84)

where dge is given by Eq. (4.9). The second term on the right-hand side of Eq.(4.84) is
the first non-adiabatic linear response term. Within the 2-level approximation Eq.(4.84)
is equivalent to Eq.(4.74) when approximating to linear order. Eq.(4.84) is valid also
for a 3-level system, thus exact to linear order for this system.

Kohn-Sham populations

Populations are important in optimal control studies to assess the performance of the
optimal control field in populating the target state. For resonant Rabi oscillations the
population of the excited state goes from 0 to 100 percent in half a Rabi cycle, like

98



4.3 Non-linear spectroscopy: the general case of Rabi physics

discussed in section 4.3 and shown for a 2-eletron singlet in real-space in Fig. 4.13(a) .
We have also seen in section 4.3.3 that adiabatic approximations like ALDA and EXX
yield very low occupation of the KS excited state (see Fig. (4.14)) and argued why.
KS populations have no clear physical meaning, because their relation to the physical
populations in unknown. However, by studying the KS populations of the exact time-
dependent KS system we can gain insight on how to interpretate KS populations in
other processes/systems for which we do not have access to the exact time-dependent
KS potential. Here, we study the populations of the exact non-adiabatic KS 2-site
Hubbard system, which are analytic 9. We define the instantaneous KS populations
as the projection of the time-dependent KS wavefunctions onto the eigenstates of the
static KS Hamiltonian (3.42). For the 2-site one-particle problem we can write the
KS orbitals, Eq. (4.62), in terms of the density and the phase difference is given by
Eq. (4.66). The non-interacting 2-site Hubbard Hamiltonian in the absence of external
field (∆v = 0) reads,

〈Hs〉 =
(

0 −T
−T 0

)

. (4.85)

The eigenvalues of this system are −T and T which correspond to the following eigen-
states respectively

φg =
1√
2

(

1
1

)

, φe =
1√
2

(

1
−1

)

(4.86)

The populations of the KS static eigenstates are computed as

pgs,e = |〈φgs,e|ψ(t)〉|2 (4.87)

and in terms of the density difference ∆n(t) = n1(t)− n2(t) we have

pgs,e[∆n, ∆̇n,N = 1] =
1

2



1±

√

1− (∆n)2 − (∆̇n)2

4T 2



 , (4.88)

with conservation of particles ensured by,

n1 + n2 = 1. (4.89)

The dipole moment ∆n(t) and the exact KS populations pg(t) and pe(t) for resonant
Rabi dynamics are plotted in Fig. 4.19. We observe that the exact KS populations
when starting at the singlet ground-state, never go beyond the half-filling point.

We can also calculate the KS populations for a system of two non-interacting electrons
by the following relations,

p2gs,e[∆n, ∆̇n,N = 2] =
1

4



2−∆n2 − (∆̇n)2

4T 2
± 2

√

1− (∆n)2 − (∆̇n)2

4T 2



 , (4.90)

2pg pe[∆n, ∆̇n,N = 2] =
1

2

[

(∆n)2 +
(∆̇n)2

4T 2

]

. (4.91)

9 Populations of the exact time-dependent KS system have been also studied for the closed-shell ’1D
molecule’ of section 4.3.5(not shown), yielding similar results as the ones presented here for the
2-site Hubbard model.
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whith particle conservation law

pg
2 + pe

2 + 2pgpe = 1. (4.92)

The exact KS populations for 2-electron in the 2-site Hubbard model are shown in
Fig. 4.20. Notice that the population of KS excited state never goes beyond 25 percent.

Figure 4.19: ∆n(t) (green), exact population KS ground-state pg(t) (red) and exact
population KS excited-state pe(t) (blue).

Figure 4.20: KS ground-state population p2g(t) (red), KS double-excited population
p2e(t) (blue) and KS single-excited population 2pg∂e(t) (green), in yellow
the conservation of number of particles p2g(t) + p2e(t) + 2pgpe.

Summarizing, we showed that the adiabatically-exact dipole-moment, propagated
self-consistently, shows dynamical detuning when propagated self-consistently in the
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presence of an oscillating external field resonant with the physical resonance. The non-
adiabatic effects are of non-negligible size and they are larger whenever the population
of the excited state is significant. We also derived here a non-adiabatic Hxc functional
for this system within the two-level approximation, the latter can be used to propagate
self-consistently the KS system. Also a linear response functional beyond the two-level
approximation has been presented.
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4.3.5 Resonant charge-transfer excitation 10

Charge-transfer (CT) dynamics play a critical role in many processes of interest in
physics, chemistry, and biochemistry, from photochemistry to photosynthesis, solar cell
design and biological functionality. The quantum mechanical treatment of such sys-
tems calls for methods that can treat electron correlations and dynamics efficiently for
relatively large systems. Time-dependent density functional theory is the leading can-
didate today. CT excitation energies over medium to large distances are, notoriously
underestimated by the usual exchange-correlation (xc) functionals, and recent years
have witnessed intense development of many methods to treat it [147–150]. There
is recent optimism for obtaining accurate CT excitations between closed-shell frag-
ments [148, 149], but no functional approximation developed so far works for CT
between open-shell fragments [3,151,152]. Here standard approximations predict even
an unphysical ground-state with fractional occupation in the dissociation limit. For
open-shell fragments the exact ground-state correlation potential has step and peak
structures [100, 101], while the exact xc kernel has strong frequency-dependence and
diverges as a function of the fragment separation; lack of these features in the xc-
approximation is responsible for their poor predictions.
A critical question is: Are the available functionals suitable for modeling the CT pro-
cesses mentioned earlier?
In this section, we show that when an electron transfers at long range from a ground to
an excited CT-state, a time-dependent step and peak are generic and essential features
of the exact xc potential. When the donor and acceptor are both closed shells, the
initial xc potential has no step nor peak, but a step and peak structure in the bond
midpoint region builds up over time. Although in the initial stages of the CT dynamics
the usual approximations may perform well, they are increasingly worse as time evolves,
leading to completely wrong long-time dynamics.

Charge-transfer within a one-dimensional ”two-electron molecule”

To illustrate the mechanism of CT processes and the relevance of spatial and time non-
locality we use again a one-dimensional exactly-solvable model system . In this case,
as we are trying to mimic charge transfer between two atoms of a neutral molecule
we use a “two-electron molecule” build up from two distinct nuclear potentials, one of
them modelled by a soft-Coulomb potential Eq. (3.4) and the other by a cosh-squared
short-range potential Eq. (3.5).

vmol(x) = −Z/
√

(x+R/2)2 + 1− U/ cosh2(x−R/2) (4.93)

The Hamiltonian has the general form Eq. (2.2) with V̂ given by Eq. (4.93) and V̂ee
modelled again by soft-Coulomb interaction Eq. (3.2). We model CT between two
closed-shell fragments, by choosing Z = 2 and U = 1 such that, at large separations
R, the ground-state has two electrons on the donor and zero on the acceptor, while the
first singlet excited state, Ψ∗, is a CT excited state with one electron in each well (see
Fig. 4.21). The acceptor potential mimics a closed-shell atom without core electrons.
Diagonalization of the one-dimensional two-electron Hamiltonian has been performed
exactly (see section 3.1) with the octopus code [191, 192] using a regular real-space

10 This section is part of the article Fundamentals of Time-Resolved Charge-Transfer in Time-

Dependent Density Functional Theory,J. Phys. Chem. Lett. 4, pp 735–739 (2013) , by J.I.
Fuks, P. Elliot, A. Rubio and N.T. Maitra
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grid with spacing at most 0.1 a.u.Ṫhe entire simulation is then contained within a box
of total length 100 a.u. (see section 2.8 for numerical details.).

Exact time-dependent exchange-correlation potential

If we start the KS simulation in a doubly-occupied singlet state, the KS evolution
retains this form for all later times, Φ(x1, x2, t) = φ(x1, t)φ(x2, t). Requiring the exact
density to be reproduced at all times leads to

φ(x, t) =
√

n(x, t)/2 ei
∫ x dx′u(x′,t), u(x, t) = j(x, t)/n(x, t) (4.94)

where u(x, t) is the local “velocity”. Inverting the KS equation yields the exact KS
potential as:

vS(x, t) =
∂2xn(x, t)

4n(x, t)
− (∂xn(x, t))

2

8n2(x, t)
− u2(x, t)

2
−
∫ x

∂tu(x
′, t)dx′ (4.95)

The xc potential is then

vXC(x, t) = vS(x, t)− vext(x, t)− vH(x, t) (4.96)

where vH(x, t) is the Hartree potential Eq. (2.42) and the external field is given by

vext(x, t) = vmol(x) + E(t) x. (4.97)

Further, vC(x, t) = vXC(x, t) − vX(x, t) may easily be isolated since for this doubly-
occupied singlet-state vX(x, t) = −vH(x, t)/2. We numerically solve the exact time-
dependent Schrödinger equation for the two-electron interacting wavefunction, obtain
n(x, t) and j(x, t), and insert them into Eq. (4.95).

Exact correlation potential at the final charge-transfer state

Before discussing the dynamics, we first consider the final CT state of the two initially
closed-shell fragments. Let us assume we have complete transfer of an electron at some
time T into the excited state Ψ∗ (for example applying a tailored laser pulse), and the
system then stays in this state for all times t > T . The density, n(t > T ) = n∗, is then
static in the excited state and node-less, and the current and velocity u(x, t) are zero.
It follows that the exact vXC(t > T ) is static and that the exact KS potential is given
by the first two terms of Eq. (4.95) only.
In Fig. 4.21, we show the density and the exact KS and correlation potentials for

the ground and CT states for R = 7au. A clear step and peak structure has developed
in the correlation potential in the region of low-density between the ions in the CT
state. There is no such structure in the initial potential of the ground-state. As the
separation increases, the step in vC saturates to a size

∆ = |IND−1
D − INA+1

A | , (4.98)

where IND−1
D = IN=1

D is the ionization energy of the donor containing one electron,

INA+1
A = IN=1

A is that of the one-electron acceptor ion, and the result is written for a
general ND(NA)-electron donor(acceptor). Eq. (4.98) can be shown by considering the
asymptotics of the donor and acceptor orbitals, adapting the argument made for the
case of the ground-state of a molecule made of open-shell fragments [100, 101]. Here
instead, we have a step in the potential of a CT excited-state of a molecule made of
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Figure 4.21: Density (black solid), vS (red long-dashed), vC (blue dashed), and vext
(pink dotted) for the ground-state (left) and for the CT state (right) in
our model molecule at separation R = 7au.

closed-shell fragments. The step requires a spatially non-local density-dependence in
the correlation functional, as in the ground-state case [100,101,170–172]. The inability
of usual ground-state approximate functionals to capture this step results in them
incorrectly predicting fractionally charged species. In the present case, we have an
excited state of the interacting system, where the KS orbital corresponding to the
excited-state density n∗ shown in Fig. 4.21 is in fact a ground-state orbital, φ(x) =
√

n∗(x)/2, because n∗ has no nodes. Given the static ground-state nature of the orbital
and KS potentials after time T , does the adiabatic approximation become exact?

Adiabatically-exact exchange-correlation potential at the final CT state

To answer wether the final CT state can be captured within the adiabatic approxi-
mation, we examine the adiabatically-exact xc potential for t > T , vadia−ex

XC [n∗], i.e.
evaluating the exact ground-state xc functional on the instantaneous CT density. The
adiabatically-exact exchange-correlation potential reads

vadia−ex
XC [n] = vadiaS [n]− vadiaext [n]− vH[n] (4.99)

where vadiaext [n](vadiaS [n] ) is the external(exact ground-state KS) potential for two in-
teracting electrons in a ground-state of this density (vadiaS [n] corresponds to first two
terms of Eq. (4.95)).
To find the external potential for which a given density is the ground-state, vadiaext [n], we
use the method given in Refs. [188, 189] (and Refs. therein) whereby a trial potential
is updated based on the difference between the ground-state density and the target
density with a prefactor that can be spatial dependent. This is then iterated until
convergence. A measure of the difference between the calculated ground-state density
for the k-th iteration cycle, n(k)(x), and the target density, n(x),

∫

|n(k)(x)− n(x)|dx,
is calculated as the check for convergence (see section 2.8 for details).
The charge-transfer problem is particularly demanding as it requires convergence in
regions with low density in order to resolve any peak and/or step structure. Often a
large peak in vadiaext [n] will cancel a peak in vadiaS [n] and so care is needed to ensure
convergence is reached and the calculated potential is smooth.
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Fig. 4.22 shows vadia−ex
C [n∗] for two separations R = 7au and 10au. Evidently, the

adiabatic approximation does yield a step, but of the wrong size.

To understand this, first consider the functional dependence of the exact xc potential.
We may write ( [71])

vXC[n](t > T ) = vXC[n
∗,Ψ∗,Φgs

CT ](t > T ) , (4.100)

where, on the left, the dependence is on the entire history of the density, n(0 < t < T ),
and initial-state dependence is not needed since at t = 0 we start from the ground-
state [39,71]. On the right, time T is considered as the “initial” time, and the functional
depends on just the static density n∗ after this time, but, crucially, the interacting state
and KS states at time T . The former is the CT excited state Ψ∗, while the latter is
the doubly-occupied orbital: Φ(x1, x2, T ) =

√

n∗(x1)n∗(x2)/2 ≡ Φgs
CT , a ground-state

wavefunction, as discussed above.

On the other hand, the adiabatic approximation

vadiaXC [n∗] ≡ vadiaXC [n∗,Ψgs
CT ,Φ

gs
CT ] , (4.101)

differs from the exact xc potential Eq. (4.100), in its dependence on the time-T inter-
acting state: here Ψgs

CT is the ground-state wavefunction of an interacting system with
density n∗, not the true excited state wavefunction. Therefore, Eqs. (4.100) and (4.101)
show that the adiabatically-exact xc potential is not the same as the exact xc potential:
the initial-state dependence in the exact functional reflects a non-local time-dependence
that persists forever. In the infinite-separation limit, we expect Ψ∗ and Ψgs

CT to be very
similar, both having a Heitler-London form with one electron in each well, but the fact
that Ψ∗ is an excited state is encoded in the nodal structure of its wavefunction. The
correlation potential is extremely sensitive to this tiny difference in the two interacting
wavefunctions, which accounts for the different step size in Fig. 4.22.

The magnitude of the step in vadia−ex
XC in the infinite-separation limit can be derived

by examining the terms in Eq. (4.99). In this limit, locally around each well vadiaext must
equal the atomic potential, up to a spatial constant, in order for Ψgs

CT [n
∗] to satisfy

the Schrödinger equation there. It cannot simply be the sum of the atomic potentials,
because the ground-state Ψ0 of that potential Eq. (4.93) places two electrons in the
donor well. For Ψgs

CT to be the ground state, vadiaext has a step in the region of negligible
density that pushes up the donor well relative to the acceptor well; the size of this step,
C, is the lowest such that energetically it is favorable to place one electron on each
well, as Ψgs

CT [n
∗] does. So,

Egs,N=1
D + Egs,N=1

A + C < Egs,N=2
D + 2C, (4.102)

where Egs,N
D(A) is the ground-state energy of the N-electron donor(acceptor). This leads

to

C ≥ Egs,N=1
D + Egs,N=1

A − Egs,N=2
D = IND

D − INA

A , (4.103)

where on the right, we have generalized the result to a donor(acceptor) with ND(NA)
electrons.

Now that we have the step in vadiaext [n∗], we use Eq. (4.99) to quantify the step in
vadia−ex
XC [n∗]. Since vadiaS = vexactS here, Eq. (4.98) tells us that the step in vadia−ex

C is

∆adia = |IND−1
D −AND−1

D | (4.104)
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Figure 4.22: The exact vC (dashed blue line) and the adiabatically-exact vadia−ex
C (red

solid line) for R = 7au (left) and for R = 10 au(right). Note that the po-
tential eventually rolls back down to zero far enough away from the system.
In the infinite separation limit ∆(∆adia)is given by Eq. (4.98)(Eq. (4.104)).

which is equal to the derivative discontinuity of the (ND − 1)-electron donor. (As
before, the entire step is contained in the correlation potential). For our system IN=1

D =
1.483au, AN=1

D = 0.755au and IN=1
A = 0.5au, thus in the infinite separation limit we

get a step of 0.983(0.729)au in the exact vC(v
adia
C ). The numerical results verify this

analysis; the steps shown in Figure 4.22 for separation R = 7(R = 10)au have values
of 0.61 (0.76)au in the exact vC and 0.42 (0.55)au in vadiaC . For larger separations, the
steps tend towards the asymptotic values predicted by the analysis above.

In the above analysis, the adiabatically-exact potential was evaluated on the exact
density, as is commonly done when assessing functionals [188], rather than on that
obtained from a self-consistent adiabatic propagation. The latter would likely lead
to an erroneous density at time T , but the analysis shows that even with the exact
density at time T , the wrong step-size means that subsequent propagation using the
adiabatically-exact potential will yield the wrong dynamics.

Time-resolved charge-transfer

Having studied how the xc potential looks for the final CT state, we now study how
the potential evolves in time to reach such a state.
For the ”two-electron molecule”, Eq. (4.93), studied here the Hamiltonian is non-
symmetric under parity. To simplify the analysis we exploit Rabi physics (see section
4.3 and in particular 4.3.2 for Rabi oscillations for a non-symmetric Hamiltonian) to
reduce this problem to a two-state system. The two-level approximation is verified nu-
merically by comparing the results with the exact time-dependent wavefunction found
using octopus.
For the CT between closed-shell fragments (Z = 2 and U = 1 in Eq. (4.93)) we get
deg = dge = 0.231, dgg = 7 and dee = 0. Choosing the electric field Eq. (4.37) resonant
with the first excitation, E(t) = 0.006 cos(0.12t) results in the Schrödinger equation
Eq. (4.38). The CT state for this model is reached at TR/2 = 2306 a.u. and the
resonant Rabi frequency Eq. (4.39) is Ω0 = 0.0014 Ha.

Fig. 4.23 displays the correlation potential at snapshots in time over a half-Rabi
period TR/2 . The step, accompanied by a peak, develops over time as the excited
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Figure 4.23: Upper panel: The correlation potential (dotted blue line) and density
(solid black) shown at snapshots of time indicated. Lower panel: vC at
snapshots over an optical cycle centered around TR/8.

CT state is reached; at TR/2 the correlation potential agrees with the static prediction
earlier (Fig. 4.22, left). Notice that making a time-dependent constant shift does not
affect the dynamics, just adds a time-dependent overall phase. During the second half
of the Rabi cycle, the step gradually disappears. A closer inspection indicates that
superimposed to this smoothly developing step, is an oscillatory step structure, whose
dynamics is more on the time-scale of the optical field (lower panel). This faster, non-
adiabatic, non-local dynamical step appears generically in electron dynamics, as we
will show in section 4.4 . To distinguish between the two steps we refer to the more
gradually developing step due to CT, as the “CT step”.
The impact that the development of the CT step has on dynamics is significant. The
same adiabatic approximations that for local resonant excitations showed faster but
still Rabi-like oscillations [4], fail dramatically to capture any Rabi-like oscillations
between the ground and CT state. This is illustrated by the dipole moments, d(t) =
〈ψ(t)|x̂1 + x̂2|ψ(t)〉, in Figure (4.24). The approximate correlation functionals lack the
non-local spatial-dependence necessary to develop the CT step 11.

In summary, our results show that time-resolved CT over large distances is chal-
lenging for approximate TDDFT functionals to accurately capture. In the case of CT
between closed shell species, when an electron is excited from the ground-state to a
long-range CT excited state, a step and peak feature develops in the exact correlation
potential as the charge transfers. The peak and step structure that develop in the
exact correlation potential as the charge transfers have a spatially non-local and non-

11 For smaller separations the approximations perform better, as their character becomes more local;
but errors remain without the non-adiabatic non-local dependence needed in the vXC potential.
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Figure 4.24: Absolute value dipole moments |d(t)| for the CT between closed-shell frag-
ments at separation R = 7au for exact (solid black line), adiabatic exact-
exchange (AEXX) (dashed red line) and self-interaction-corrected adia-
batic local density approximation (SIC-ALDA)(dotted blue line). The
calculations were performed in the presence of a resonant field of frequency
ω = 0.112 and amplitude A = 0.00667.

adiabatic dependence on the density. For the analogous process between two open-shell
species, an initial step and peak wane. None of the available functionals today cap-
ture this structure, and lead to drastically incorrect dynamics, e.g. dipole oscillations
between the ground and CT states induced by a weak resonant field are completely
lacking. Even an exact adiabatic approximation will be incorrect: a step and peak fea-
ture are captured but of the wrong size. Our work highlights an essential new feature
that must be considered in the development of nonadiabatic functionals able to capture
dynamical electron transfer processes.
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4.4 Going beyond Rabi physics: Universal dynamical step 12

It is critical for the reliability of TDDFT for describing fundamental dynamical pro-
cesses in the applications mentioned earlier, to first test available xc approximations
on systems for which the exact xc potential can be extracted. One such case is that of
two-electrons in a spin-singlet, chosen to start in a KS single-Slater determinant. We
show that, in this case, the usual adiabatic and semi-local approximations typically fail
to capture a critical and fundamental structure in the exact correlation potential: a
time-dependent step, that has a spatially ultranonlocal and non-adiabatic dependence
on the density. This feature is missing in all available TDDFT approximations today.
Even the adiabatically-exact functional misses it.

Local Rabi excitations in the “1D He atom”
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Figure 4.25: Snapshots of the exact correlation potential (blue dotted), density (solid
black), and adiabatically-exact (red dashed) over one Rabi cycle for the
1D He atom. At TR/2 the density of the first excited state is essentially
exactly reached. In all graphs, the correlation potentials are plotted up to
an irrelevant time-dependent constant.

We start the analysis with some purely (or largely) two-state problems introduced in
section 4.3. First we will study the “1D He atom” studied in section 4.3.3, with nuclear
potential given by Eq. (3.4) with Z = 2, soft-Coulomb electron-electron interaction
Eq. (3.2) and first-excitation resonant electric field Eq. (4.15), E(t) = 0.00667 sin(0.533t).
Figure 4.25 shows snapshots of the exact correlation potential vC(x, t) given by Eq. (4.96)
after substraction of the exchange potential vX = −vH/2 over one Rabi cycle, while
Fig. 4.26 shows snapshots over one optical period centered around TR/4. (Note that

12 This section is part of the article Universal Dynamical Steps in the Exact Time-Dependent

Exchange-Correlation Potential,Phys. Rev. Lett. 109, 266404 (2013) , by P. Elliot, J.I. Fuks,
A. Rubio and N.T. Maitra
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the system is not exactly periodic over TR as the optical frequency and the Rabi fre-
quency are not commensurate).
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Figure 4.26: Snapshots of the correlation potential (left), and corresponding density
(right) for the 1D He atom, at times indicated on the right.

The most salient feature of the correlation potential is the presence of time-dependent
steps, that oscillate on the time-scale of the optical field. These steps arise from the
fourth term of Eq. 4.95: whenever there is a net “acceleration”, ∂tu(x, t), through the
system, the spatial-integral is finite, resulting in a potential rising from one end of
the system to the other. The correlation potential thus has a spatially ultranonlocal
dependence on the density, as it changes far from the system.

Further, the time-dependence of the steps is non-adiabatic, meaning that the instan-
taneous density is not enough to determine the correlation potential functional. One is
tempted to point to the time-derivatives in the fourth term in Eq. 4.95 as evidence for
the non-adiabatic dependence, however caution would be needed for such an argument
as time non-locality in vS is not the same as time non-locality in vC [39]: the fourth
term, may be written as vext plus other terms, and although vext has typically strongly
non-adiabatic dependence, this is irrelevant because it is never approximated as a func-
tional in practice [39, 187], rather it is taken from the problem at hand. Only the xc
potential must be approximated, and its functional-dependence cannot be deduced di-
rectly from Eq. (4.95). Instead, to unambiguously show the non-adiabatic dependence
of the step, we plot the adiabatically-exact correlation potential defined in section 4.3.5
in Fig. 4.25. Fig. 4.25 shows that vadia−ex

C [n] does not capture the dynamical step struc-
ture. Before turning to our next example, we verify that the two-state approximation
is accurate enough for our purposes. One aspect of the potentials we find is actually an
artifact of the two-state approximation: the correlation potential asymptotically has
a slope that exactly cancels the externally applied electric field. This is because the
two-state approximation cannot correctly describe polarization arising from occupying
many excited states in time. The KS potential obtained from the two-state approxima-
tion is flat asymptotically, as it cannot describe states that are polarized asymptotically.
The field is so weak that this effect is hardly noticeable in Figs. 4.25 and 4.26, but to
check that our conclusions regarding the dynamics step structure are unaffected by the
two-level approximation, we computed the KS potential using the density, current, and
their time-derivatives from the numerically-exact wavefunction, found using octopus.
Apart from some extra structure in the tail region (small peaks and steps as we move
away from the atom), and the small linear field-counteracting term, the correlation
potential agrees with that from the two-state model.
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Figure 4.27: The exact correlation potential (black solid) at times indicated, for the
two-state example (Eq. 4.105). Also shown are the local acceleration (red
dotted),

∫ x
∂tu− vext (purple dashed), and the adiabatically-exact correla-

tion potential (blue dash-dot).

Linear superposition of ground and excited state

Our second example accentuates the fact that dynamical step structures need neither
ionization nor an external field to appear. We begin in an equal linear superposition of
the ground and first-excited state of the 1D He from section 4.4 and let it evolve freely,
so that

|Ψ(t)〉 =
(

e−iǫgt|Ψg〉+ e−iǫet|Ψe〉
)

/
√
2 . (4.105)

The exact many-body wavefunction oscillates back and forth between the two states
with frequency ω0 = ǫe− ǫg. The two-state approximation is exact at all times. Again,
we see large steps in the correlation potential, as shown in Fig. 4.27. To support the
discussion and provide a microscopic insight behind this phenomenon, we also plot in
Fig. 4.27 the acceleration, a(x, t) = ∂tu(x, t), and its spatial integral with the external
potential subtracted out. The position and magnitude of the step at each time is heavily
dependent on this term. Peaks in the acceleration, when integrated, become local steps
in the potential and the asymptotic value of the step in v(̧x, t) is given by the total step
in the spatial integral of a(x, t). Although local step-like features may be cancelled out
by the other terms in Eq. (4.95), the net magnitude of the step is determined from the
asymptotic values of this integral.

Note that we have the freedom to choose the initial state of the KS system as long
as it has the same density and first derivative in time of the exact density [70], and the
shape of the exact correlation potential depends on this choice [189]. We used a doubly
occupied orbital in the previous example. A different choice, with a configuration more
similar to that of the interacting initial state could well yield a more gentle correlation
potential [189], with less dramatic step structure.
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Figure 4.28: The correlation potential (left) and density and external potential (right)
shown at snapshots of time TR/8± fractions of the optical period, Topt =
2π/0.112au, for the two-well potential model Eq. (4.93) under resonant
charge-transfer excitation conditions.

Charge-transfer in a closed-shell molecule

The generality of the dynamical step feature is further supported by considering dif-
ferent resonant excitations. Consider the closed-shell “molecule”, Eq. (4.93) with
Z = 2, U = 1 with separation R = 7. We apply again an electric field Eq. (4.37),
E(t) = 0.006 cos(0.112t), resonant with the first (CT) excitation. The Schrödinger
equation is given by Eq. (4.38), from which populations of ground and excited state,
ng(t) and ne(t) can be computed. Fig. 4.28 shows the correlation potential for several
times within an optical cycle around TR/8. Again dynamical steps oscillating on the
optical frequency time scale emerge. The situation is more complicated as the CT step
related to the delocalization of the density during the charge-transfer process slowly
develops (on the time-scale of TR/2, see section 4.3.5). The dynamical step can then in-
crease, decrease, or even reverse this CT step. Approximations unable to develop steps
lead to incomplete CT. For present purposes, it is sufficient to note that dynamical
steps are again present to capture the exact dynamics.

Strong-field regime

Finally, we explicitly demonstrate that the non-local non-adiabatic step feature is a
generic aspect of the correlation potential in the following way. We subject the 1D He
atom of section 4.4 to a field that is chosen somewhat arbitrarily: it is relatively strong
and linearly switched on over two optical cycles, with an off-resonant frequency. In
Fig. 4.29 we show the exact correlation potential at four times. The time-dependent step
in the exact vC is once again evident, and again the adiabatically-exact approximation
fails to capture it.

In summary, dynamical steps in the correlation potential are a generic feature of
electron dynamics. The step features arise from part of the fourth term of Eq. (4.95),
which suggests that any time there is a net acceleration across the system, there is a step
that has a very non-local spatial dependence on the density, and is non-adiabatic. The
lack of the step in approximations leads to incorrect dynamics. Faster time scales in
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Figure 4.29: . The exact correlation potentials (solid, black) during propagation under
strong non-resonant field Eq. (4.37) (E0 = 1

2
√
2
0.3
4π , ω = 0.3). This field

induces the population of many empty states (over fifty), therefore we are
well beyond the two-level Rabi physics. Also shown are the adiabatically-
exact correlation potentials (dashed red), and the density (dotted blue,
scale on the right).

adiabatic approximations were found for the field-free dynamics of a linear superposition
state, where the direction of the step tends to oppose the density’s motion. The exact
dipole and adiabatic exact-exchange (AEXX) dipole for this case are shown in Fig. 4.30.
We computed the dynamics of the local excitation using AEXX, adiabatic LDA, and
adiabatic self-interaction-corrected LDA. The dipole oscillation timescale in all cases
was faster than in the true case. These approximations yet provide good linear response
spectra (see section 4.3.3). The steps are a feature of non-linear dynamics, intimately
connected with having appreciable population in excited states and are absent in linear
response [8].
Dynamical step features have arisen in TDDFT in earlier studies; Refs. [188,195] showed
they appear in ionization processes, and linked them to a time-dependent derivative
discontinuity, related to fractional charges. In time-resolved transport, step structures
have been shown to be essential for describing Coulomb-blockade phenomena [196],
again related to the discontinuity. In the response regime, field-counteracting steps
develop across long-range molecules [197]. In open-systems-TDDFT, Ref. [198] shows
steps arise when using a closed KS system to model an open interacting one. The
linear response xc kernel for charge-transfer excitations displays frequency-dependent
steps [150]. Here we argue that the dynamical step structures we find are generic: they
typically arise in dynamics, and moreover, unlike most of the above cases [188,195–197],
cannot be captured by an adiabatic approximation. They appear with no need for
ionization nor subsystems of fractional charge, nor any applied field (see next example),
unlike in Refs. [188, 195–197]. In this sense our results are more akin to Ref. [182],
which studies the physically very different situation when an electron freely propagates
through a wire. The large range of the examples we present suggests that such non-
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Figure 4.30: . Calculated dipole moments d(t) in field-free propagation of the state
Eq. (4.105), where the TDKS calculation starts in the exact singlet doubly
occupied orbital.

adiabatic and non-local steps generically arise in electron dynamics.
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5 Conclusions and Outlook

In this thesis we have illustrated with many examples the power of having exactly solv-
able systems to address and quantify the quality of the different exchange-correlation
approximations widely used in the computational simulation community. The present
results provide fundamental insights into the deficiencies of those approximations and
in some cases, how those can be cured. We show exact time-dependent conditons that
need to be satisfied and that are ”violated” by all functionals in use. We summarize
below some of the findings discussed in length in this thesis.
In section 3.2 we introduced a 1D-LDA for the ground-state and conclude that one
can expect the same successes and failures in applications that are known from 3D
calculations, i.e. the quality of the LDA results appears to be independent of the di-
mensionality.
For the spin-broken functionals studied in section 3.3 (SIC-LDA and EXX) strikingly
good results were obtained from the bare Kohn-Sham eigenvalue differences for one-
dimensional model systems as well as for the real LiH molecule. Applying the TDDFT
kernel should improve the accuracy at intermediate distances, capturing mixing of
charge-transfer and local excitations while these fHxc corrections will vanish asymptot-
ically. Although the LUMO in exact DFT represents an excitation of the N -electron
system, rather than the (N + 1)-electron one, our results show that when N = 1 in
spin-DFT, the levels of the unoccupied spin can be interpreted in a generalized Koop-
mans’ sense, as they approximate affinity levels.
In section 3.4 we derive the exact ground-state energy functional of the 2-site Hub-
bard model for two electrons. Given that the Hilbert space of the singlet sector of this
model is 3× 3, the Hohenberg-Kohn functional can be found performing an exhaustive
search over all possible 2-electron wavefunctions using the constrained search method
developed by Levy and Lieb [23–25]. The minimization can be performed for arbitrary
values of Hubbard interaction strength U and hopping parameter T , allowing to study
the weakly and strongly correlated limits. For a non-interacting system the Hohenberg-
Kohn functional can be almost approximated by a parabola while in the limit when
U/T → ∞ (strongly correlated systems) it can be approximated by a linear function
of ∆n, namely limU/T→∞ FHK [∆n] = |∆n|. For weakly interacting systems the larger
deviations from the parabolic behaviour show up for extreme densities away from the
half filling point, i.e. for ∆n→ |2|.
In section 4.3.3 we show the effect of the dynamical detuning present in adiabatic func-
tionals. In the physical system the density changes dramatically during the transition
and, in order to be able to describe resonant Rabi oscillations, a functional has to keep
track of these changes over time, i.e. it needs to have memory. For any adiabatic func-
tional the potential will change due to the changing density and the system is driven
out of resonance. We emphasize that this effect is not limited to TDDFT but is generic
to all mean-field theories, e.g. HF or all hybrids, when the effective potential depends
instantaneously on the state of the system. Our results constitute a very stringent test
for the development of new xc functionals beyond the linear regime as all (adiabatic)
functionals available till now fail to reproduce resonant Rabi dynamics. Adiabatic func-
tionals will fail similarly in the description of all processes involving a significant change
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in the population of states.
In section 4.3.4 we use the exact ground-state functional of the 2-site Hubbard model
found in section 3.4 in adiabatic approximation (adiabatically-exact ). We conclude that
resonant Rabi oscillations can not be properly described with an adiabatic exchange-
correlation functional. We found that the non-adiabatic effects, defined as the difference
between the exact time-depenendet Hxc potential and the adiabatically-exact Hxc func-
tional are of non negligible size, comparable to the amplitude of the applied external
potential. As a corollari we also study the KS population of the exact time-dependent
KS system, which for this model can be expressed as analytic functionals of the den-
sity difference and its first time-derivative. For the singlet sector the projection of the
time-dependent KS state into the KS dipole-allowed excited state (KS excited-state
population) does never go above half filling, hence, the exact time-dependent Kohn-
Sham system never hits the V -representability boundary for Rabi oscillations (it is
allways detuned).

Given the ubiquity of charge-transfer dynamics in topical applications of TDDFT, it
is critical to develop approximations with spatially non-local and non-adiabatic depen-
dence. In section 4.3.5 we show that none of the available functionals today captures
the peak and step structure that develop in the exact vC as the charge transfers, and
they lead to drastically incorrect dynamics, as illustrated in Figure 4.24. Even an exact
adiabatic approximation will be incorrect: a step and peak feature are captured but of
the wrong size (see Fig. 4.22). The performance of a self-consistent propagation in such
a potential is left for a future investigation, as is the role of the peak that accompanies
the step. Superimposed on the development of the charge-transfer step, are the generic
dynamical step and peak features that we discuss in section 4.4 : these features depends
on the details of how the charge-transfer is induced, e.g. oscillating on the time-scale
of a resonant optical field.
Note that the charge-transfer step recedes asymptotically far from the molecule [100,
101], while the dynamical step persists. The relation of these structures to the derivative
discontinuities of the exchange-correlation kernel for charge-transfer excitations [150]
will also be investigated in the future. The step responsible for the charge-transfer
appears as soon as the excited state starts to be populated. Recent work has shown
that TDDFT describes the charge-transfer process in an organic photovoltaic [174];
our findings may explain the observed incomplete charge-transfer of the electron to the
fullerene [175]. The step feature is a fundamental one for describing processes where
electron-hole splitting is key.
The dynamical step represents a type of time-dependent screening, where the electron-
electron interaction hinders electron movement to certain regions. Although two-
electron systems were studied here, we expect that, except for special cases (such as
field driven harmonic potential motion), the dynamical steps to be a general feature of
electron dynamics, as supported by the recent Ref. [182]. The general properties of the
dynamical step, especially in systems with more than 2 electrons, are a topic for future
investigation.
Note that the exchange-correlation electric field, defined as the gradient of the exchange-
correlation potential, has a more local character than the potential. This suggests that
considering functional approximations to this field (including hydrodynamical ones
[201]), or, more generally, to an exchange-correlation vector potential [84, 182], may
point to an easier path to develop approximations containing step features. Includ-
ing explicit orbital-dependence suggests another fruitful avenue to explore, as orbitals
themselves have non-local and non-adiabatic dependence on the density [159,202].
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As applications of TDDFT continue to expand, it is crucial to further study the im-
pact of the missing steps in the approximations on their predictions. The present
thesis opens new paths for the development of those functionals that would have a
large impact in different fields of research from chemistry to biology to materials sci-
ence. Being able to describe and control the non-equlibrium time-dependent response
of matter is fundamental for the new free electron light sources facilities. Work along
the lines of deriving a new memory-dependent functional is ongoing. The description
of photo-induced processes in chemistry, physics, and biology and the new field of at-
tosecond electron dynamics and high-intense lasers all demand fundamental functional
developments going beyond the adiabatic approximation.

117



Chapter 5: Conclusions and Outlook

118



Bibliography

[1] N. Helbig,J. I. Fuks, M. Casula, M. J. Verstraete, M. A. L. Marques, I. V. Tokatly,
A. Rubio, Phys. Rev. A 83, 032503 (2011). 12

[2] N. Helbig, J.I. Fuks, I.V. Tokatly, H. Appel, E.K.U. Gross, A. Rubio, Chemical
Physics 391, 1-10 (2011). 5, 12, 13

[3] J. I. Fuks, A. Rubio, N. T. Maitra, Phys. Rev. A 83, 042501 (2011). 5, 12, 102

[4] J.I. Fuks, N. Helbig, I.V. Tokatly, A. Rubio, Phys. Rev. B 84, 75107 (2011). 5,
13, 107

[5] P. Elliott, J. I. Fuks, A. Rubio, N. T. Maitra, Phys. Rev. Lett. 109, 266404
(2012). 6, 13, 38

[6] J. I. Fuks, P. Elliott, A. Rubio, N. T. Maitra, J. Phys. Chem. Lett. 4, pp 735–739
(2013). 6, 13, 38

[7] J.I. Fuks, M. Farzanehpour, I.V. Tokatly, H. Appel, S. Kurth and Angel Rubio,
in preparation. 5, 13

[8] K. Luo. P. Elliott and N. T. Maitra, sent to Phys. Rev. B. 113
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6 Appendix I: Linear response functions

We follow Refs. [40] and [44] and derive the first order density-density response function
χnn(t− t′) of a many-electron interacting system. We assume the bare Hamiltonian Ĥ0

of the system has the general form Eq. (2.2) and for t > t0 a time-dependent external
perturbation of the form V̂ = F (t) B̂ is turned on,

ĤF (t) = Ĥ0 + Ĥ1 = Ĥ0 + F (t) B̂. (6.1)

Under the action of F (t) the N -electron interacting state evolves following the time-
dependent Schrödinger equation:

i~
∂

∂
|ΨI(t)〉 = ĤF |ΨI(t)〉, (6.2)

|ΨI(t) >= Û(t, t0)|Ψ(t0) >, (6.3)

where the index I denotes that the time-dependent operators are written in the Heisen-
berg picture,

ÂI(t) = eiĤ0tÂe−iĤ0tand

(t, t0) is the time-unitary evolution operator which in the presence of the perturbation
takes the form

Û(t, t0) = e−iĤ0(t−t0)ÛF (t, t0), (6.5)

i~
∂

∂t
ÛF (t, t0) = F (t)B̂I(t− t0)ÛF (t, t0). (6.6)

with initial condition ÛF (t0, t0) = Î. To first order in the perturbation F (t) the com-
plete time-evolution operator reads

Û (1)(t, t0) = e−iĤ0(t−t0)[Î − i

∫ t

t0

B̂I(t
′ − t0)F (t

′)dt′]. (6.7)

The first order change in the observable δ〈A〉 due to the action of the perturbation
F (t) is defined as

δ〈Â〉(t) = 〈Â〉F (t)− 〈Â〉0 = −i
∫ t

t0

〈 [ÂI(t− t0), B̂I(t
′ − t0)] 〉0 F (t′)dt′, (6.8)

with

〈Â〉0 = 〈Ψ(t0)|Â|Ψ(t0)〉, (6.9a)

〈Â〉F (t) = 〈ΨI(t)|Â|ΨI(t)〉 t > t0. (6.9b)

Redefining the change in terms of τ = t− t′ > 0 allows us to rewrite Eq. (6.8) as

δ〈Â〉(t) = −i
∫ t−t0

0
〈 [ÂI(τ), B̂I ] 〉0 F (t− τ)dτ. (6.10)
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6.1 Linear density-density response

The linear coupling of a time-dependent external potential δV (r, t) to the density
(dipole approximation) corresponds to the term

F (t) B̂ →
∫

dr δV (r, t) n̂(r) =

∫

dr
∑

i

δ(r− r̂i)δV (ri, t) (6.11)

in Eq. (6.1), where n̂(r) =
∑N

i δ(r−r̂i) is the density operator. The term
∫

dr δV (r, t)n̂(r)

is a sum of perturbing terms of the form F (t) B̂, where F (t) → δV (r, t) and B̂ → n̂(r).
The linear change in the density due to the external perturbation δV (r′, t′) reads

δn̂(r, t) = −i
∫

dr′
∫ t−t0

0
〈 [n̂I(r, τ), n̂I(r′)] 〉0 δV (r, t− τ)dτ. (6.12)

In accordance to Green’s function formalism we expect the linear response function
to be the correlation function G(x, t, x′, t′) between the density operators n̂(r, t) and
n̂(r′, t′):

iG(r, t, r′, t′) =
〈 T [n̂I(r, t), n̂I(r

′, t′)] 〉0
〈Ψ(t0)|Ψ(t0)〉

. (6.13)

Given that the response of the system is defined as the change in the density when
applying an external field we get

δn̂(r)(t) =

∫

dr′
∫ t−t0

0
χn(r)n(r′)(τ) δV (r′, t− τ)dτ (6.14)

which implies the following assumption

χn(r)n(r′)(τ) = −i〈 [n̂I(r, τ), n̂(r′)] 〉0 (6.15)

Eq. (6.15) describes the retarded response of the density n̂(t) at time t to a perturbation
that coupled to the density at time F (t − τ) = F (t′). But the expression for the
response function is still not complete, the causality condition is missing (the fact that
the perturbation cannot affect the system at times t < t′ earlier than t′, which is the
instant when the perturbation acts).
This fact can be take into account with a Heaviside function

χn(r)n(r′)(τ) = −iΘ(τ)〈 [n̂I(r, τ), n̂I(r′)] 〉0 (6.16)

with

Θ(τ) =

{

1 τ = t− t′ > 0 t > t′ after perturbation
0 τ = t− t′ < 0 t < t′ before perturbation

6.2 Linear density-density response function in Fourier space

Having derived the expression for χnn(τ), Eq. (6.16), we can now perform a Fourier
transform to get χnn(ω), which is the response spectrum of the system. We assume the
external field F (t) can be written as a harmonic potential of the form

δV (r, t) = δV (r, ω)e−iωt + c.c. (6.17)
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and, consequently, Eq. (6.14) can be rewritten as

δn̂(r, t) = δn̂(r, ω) e−iωt + c.c (6.18)

with

δn̂(r, ω) =

∫

dr′χn(r)n(r′) (ω) δV (r′, ω) (6.19)

The periodic form, Eq. (6.17), for the external potential is not an approximation, every
“well behaved” function of time F (t) can be written as a superposition of periodic
functions, i.e.

F (t) =
1

2π

∫ ∞

−∞
F (ω) e−iωtdω. (6.20)

Next we insert in Eq. (6.16) the identity I =
∑

k |Ψk(t0)〉〈Ψk(t0)|, where Ψk are eigen-

states of Ĥ0,

χn(r)n(r′)(τ) = −iΘ(τ)
∑

k 6=gs

e−i(ǫk−ǫgs)τ 〈Ψgs|n̂I(r, τ)|Ψk〉〈Ψk|n̂(r′)|Ψgs〉+ c.c., (6.21)

where we have excluded the k = gs term since this state is already occupied at t0, thus
it does not represent any transition. We integrate in time τ ,

∫ ∞

−∞
Θ(τ) e−i(ǫk−ǫgs)τ eiωτ dτ =

1

ω − (ǫk − ǫgs) + i0+
(6.22)

and obtain the linear density-density response function in frequency space

χn(r)n(r′)(ω) = −i
∑

k

(〈Ψgs|n̂(r)|Ψk〉〈Ψk|n̂(r′)|Ψgs〉
ω − (ǫk − ǫgs) + i0+

− 〈Ψk|n̂(r)|Ψgs〉〈Ψgs|n̂(r′)|Ψk〉
ω + (ǫk + ǫgs) + i0+

)

.

(6.23)
We remark that the imaginary part of the frequency is added in order to switch on
adiabatically the field from t = −∞ to the present time t.
The poles of χn(r)n(r′)(ω) are the excitation energies of the system, and the residues of
χn(r)n(r′)(ω) are the strengths of the transitions.
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7 Appendix II: Photon-atom (Hydrogen)
interaction by Quantum Electrodynamics

There are only two mistakes one can
make along the road to truth; not
going all the way, and not starting.

Buddha

The full relativistic and quantum description of a Coulomb system is given by Quan-
tum Electrodynamics (QED),

LQED = −1

4
FµνFµν − ψe(γ

µ(∂µ + ieAµ) +me)ψe, (7.1)

the QED lagrangian density Eq. (7.1) contains the kinetic term for the electromagnetic
field (first term), the kinetic term for the electrons (term proportional to me plus term
proportional to the space derivative pe), and the interaction term between electrons
and electromagnetic field (term proportional to Aµ).
A classical external electromagnetic field would couple as an additive Aext

µ in the inter-
action term. A classical external electronic current would couple to Aµ as an additional
term of the form −Jµ

extAµ,

LQED
Aext

µ ,Jµ
ext

= −1

4
FµνFµν − ψe(γ

µ(∂µ + ie(Aµ +Aext
µ ) +me)ψe − Jµ

extAµ. (7.2)

For the definitions of the different terms in Eq. (7.1) and how to get from the Lagrangian
density to the Hamiltonian see next sections.
Within QED photons can be created and destroyed. In the this Appendix we present
an approach for the description of the interaction of single photons with a bounded
electron-nucleus system.

7.1 From Quantum Electrodynamics to Time-dependent
Density Functional Theory

In order to address the question on how much of the physics of light-matter interaction
can be captured within Density Functional Theory we enumerate again the approxima-
tions need to be done in order to study a Coulomb system by means of the electronic
wavefunction given by the Schrödinger equation. We have seen in section 2.3.1 that
TDDFT gives the same many-body observables than the time-dependent Schrödinger
Eq. (provided we know the universal xc functional),

1. Ions are treated clasically (non-quantum and non-relativistic), they are considered
as point-like, infinite-mass particles (Born-Oppenheimer approximation).

2. Electrons are treated non-relativistically and the number of electrons is conserved.
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3. External fields are treated classically as scalar potentials V (r, t). Single photon
processes can not be described.

Next we briefly review different extensions of TDDFT that aim to reconquer the degrees
of freedom enumerated above. In order to include these degrees of freedom the men-
tioned extensions need to prove theorems of uniqueness and existence of the extended
one-to-one mappings involved. Thus, Hohenberg-Kohn, Kohn-Sham, Runge-Gross and
van Leeuwen like theorems need to be proven for the main variables of the extended
theories.

The quantum nature of the nuclei (first item of the list) is taken into account within
multicomponent DFT [38]. Nuclei can be treated beyond the Born-Oppenheimer ap-
proximation within Ehrenfest dynamics or surface hopping [203]. So far, there exists no
extension of TDDFT that treats the nuclei as relativistic mainly because this correction
is expected to be very small.
For a discussion on the extension from TDDFT to relativistic TDDFT to include the
relativistic nature of electrons (second item of the list) see for example Ref. [37], a
brief discussion has been included here ( section 7.1.1). The possibility of creating and
destroying electrons has not been addressed mainly because this is a phenomena that
does not occur at the energy-scales we are interested in.
The last item of the list is the most tricky one. First, in order to include magnetic
fields and general vector potentials with transverse components a time-dependent Cur-
rent Density Functional theory has been developed (see section 7.1.2). On the other
hand, in order to model within TDDFT the interaction of the electrons with a photon
field a proof of the Runge Gross theorem for QED has been recently presented (see
section 7.1.3).

7.1.1 Relativistic Time-dependent Density Functional Theory

There is a relativistic version of DFT that takes as starting point QED, the main
variable is the electronic four-current, the photon field is integrated out as radiative
corrections to the electron propagator. The later assumes that there are no photons
neither in the initial nor in the final state [37].

7.1.2 Time-dependent Current Density Functional Theory

The traditional Kohn-Sham scheme does not allow for magnetic fields or general vector
potentials. Only time-dependent external fields that can be transformed, using a gauge
transformation, into a pure scalar potential (purely longitudinal vector potentials), are
considered,

A(r, t) = −
∫ t

0
∇V (r, t′) dt′. (7.3)

Relaxing the possible set of external potentials to allow for vector potentials with
longitudinal and transverse components, coupled to the system in minimal coupling [40],

ĤA =
1

2

∑

j

(pj +A(rj , t))
2 (7.4)

which under linearization with respect to A simplifies to,

ĤA =

∫

ĵp(r) A(r, t)dr, (7.5)
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7.2 QED Lagrangian

whith jp being the paramagnetic component of the current,

ĵp(r) =
1

2

∑

j

[p̂j δ(r− r̂j) + δ(r− r̂j)p̂j ], (7.6)

results in the properties of the system no longer exclusively depending on the density
but also on the current j(r, t),

ĵ(r) = ĵp(r) + n̂(r)A(r) (7.7)

where the density operator is defined as,

n̂(r) =
∑

j=1

δ(r− r̂j). (7.8)

Density and current are related by the continuity equation,

∂n̂

∂t
= −∇ĵ(r). (7.9)

A time-dependent current density functional theory (TD CDFT) can be established,
where the electronic current density becomes the basic variable. In this theory the
Kohn-Sham system recovers by construction the full many-body current Eq. (7.7).
TDCDFT is still in its early stage, at the present moment only one current functional
has been developed [84]. Current functionals are non-adiabatic by construction.

7.1.3 Time-dependent Kohn-Sham approach to Quantum Electrodynamics

In Ref. [89] the authors present a reformulation of the RG proof for QED. It is the first
attempt of constructing a time-dependent Kohn-Sham construction for coupled quan-
tized matter and electromagnetic fields. This approach would allow in principle for the
inclusion of photons as independent degrees of freedom, opening the path for modelling
the emission/absorption of an integer number of photons. The emission/absorption of
a photon is a non-linear process, it is crucial for the description and simulation of the
new attosecond experiments.

7.2 QED Lagrangian

The problem we want to study is that of a system formed by an electron bounded to
the static electromagnetic field of a charged nucleus and the scattering of this electron
with a dynamical free photon field. The starting pount will be QED’s lagrangian plus
a term that models the current generated by a point charge (nucleus), Eq. (7.2) with
the following definitions,

Fµν = (∂µAν − ∂νAµ) (7.10)

ψe = γ0ψe
†, (7.11)

and we use the following representation of the Dirac matrices:

γ = i

(

0 −σ
σ 0

)

(7.12)

iγ0 = β =

(

0 1
1 0

)

(7.13)
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with the usual Pauli matrices:

σ1 =

(

0 1
1 0

)

(7.14)

σ2 =

(

0 −i
i 0

)

(7.15)

σ3 =

(

1 0
0 −1

)

(7.16)

7.3 Why to treat the nucleus classically?

Here we will treat the nucleus clasically. The mass of the nucleus is much larger and
its de Broglie wavelength is much smaller than the energy scale of the problem we are
interested in. So we will consider the nucleus as a classical point particle.
There exist some difficulties in the search of a relativistic and quantum description of
a point particle. Relativity associates a momentum scale p = mc to a particle of mass
m. But the uncertainty relations ∆x∆p ∼ ~ tell us that for length scales smaller than
the Compton wavelength λ = ~

mc the concept of a point particle may suffer troubles.
In the case of the nucleus λ ∼ 10−16m and the nuclear radius is of the order of 10−15m,
so we may expect some difficulties.
A way to understand the problem is the following: analizing the position of the particle
with a greater accuracy requires an energy momentum of the same order as the rest
mass thus allowing the creation of new particles. We see that this leads to the concept
of antiparticles.
In Ref. [207] the proton is treated as a fermionic field with positive and negative energy
solutions (respectively proton and antiproton).

7.4 Decomposition of the electromagnetic field into a static
Coulomb field A0

µ plus a dynamical part Bµ that we will
treat perturbatively

Aµ = A0
µ +Bµ (7.17)

Aµ is the physical vector potential, if we chose A0
µ to be solution of the equations

of motions then in virtue of the superposition principle Bµ will also be solution of the
equations of motion.
Let’s chose A0

µ to be the Coulomb potential generated by the heavy charged nucleus.

In this picture JN
µ will be the source of this classical external field.

A0
µ = (A0

0, 0) = (
Ze

4π|x| , 0) (7.18)

Following the above decomposition of the vector potential the Faraday tensor also
splits into two terms:

Fµν = F 0
µν + F̃µν (7.19)

and the kinetic term for the electromagnetic field reads:

FµνFµν = Fµν
0 F 0

µν + 2Fµν
0 F̃µν + F̃µνF̃µν (7.20)
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7.5 Equations of motion for the fields

The action for this Lagrangian is:

I =

∫ t2

t1
dt

∫

V
d3xL[φA, ∂µφ

A] (7.21)

For each field, the action is an extremal (principle of least action). Functional derivative
of the action vanishes for each field separately:

δI

δφA
= 0 (7.22)

δI =

∫ t2

t1
dt

∫

V
d3x

δL

δφA
= 0 (7.23)

δL =
∂L

∂φA
δφA +

∂L

∂(∂µφA)
δ∂µφ

A (7.24)

7.5.1 Equation of motion for the fermionic fields

Applying the principle of least action we arrive at the Dirac equations, where ψe and
ψe are Dirac spinors

(−γµ∂µ − ieγµAµ −me)ψe = 0 (7.25)

ψe(−γµ∂µ − ieγµAµ −me) = 0 (7.26)

7.5.2 Equation of motion for Bµ, the dynamical part of the
electromagnetic field

LA = −1

4
FµνFµν + ψe(−ieγµAµ)ψe − Jµ

NAµ (7.27)

LB = −1

4
F̃µνF̃µν −

1

2
Fµν
0 F̃µν + ψe(−ieγµBµ)ψe − Jµ

NBµ (7.28)

By the Principle of least action:

δL =
∂L

∂Bµ
δBµ +

∂L

∂(∂µBν)
δ∂µBν (7.29)

and we get:

∂LB

∂Bµ
δBµ = (−ieψeγ

µψe)δBµ − Jµ
NδBµ = −(Jµ

e + Jµ
N )δBµ (7.30)

∂L

∂(∂αBβ)
δ(∂αBβ) = (−1

2
Fµν
0 − 1

2
F̃µν)(

∂F̃µν

∂(∂αBµ)
)δ(∂αBβ) (7.31)

∂F̃µν

∂(∂αBβ)
δ(∂αBβ) =

∂(∂µBν − ∂νBµ)

∂(∂αBβ)
δ∂αBβ = (δµαδνβ − δναδµβ)δ(∂

αBβ) (7.32)

we have:

∂L

∂(∂αBβ)
δ(∂αBβ) = (−1

2
(F 0

αβ − F 0
βα)−

1

2
(F̃αβ − F̃βα)δ(∂

αBβ)

= (−F 0
αβ − F̃αβ)δ(∂

αBβ)

(7.33)
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taking into account that:

[δ, ∂α] = 0 (7.34)

integrating by parts:

(−F 0
αβ − F̃αβ)δ(∂

αBβ) =∂α((−F 0
αβ − F̃αβ)δB

β)

− ∂α(−F 0
αβ − F̃αβ)δB

β
(7.35)

and noting that fields vanish at the contour of spatial infinity:

∫ t2

t1

dt

∫

V
d3x∂α((−F 0

αβ − F̃αβ)δB
β) =

∫ t2

t1

dt

∫

S
d2x(−F 0

αβ − F̃αβ)δB
β = 0 (7.36)

going back to the action, we arrive at:

δI =

∫ t2

t1

dt

∫

V
d3x(−Jβ

e − Jβ
N − ∂α(−Fαβ

0 − F̃αβ))δBβ = 0 (7.37)

for every δBβ

Jβ
e + Jβ

N = ∂α(F
αβ
0 + F̃αβ) (7.38)

We choose Aµ
0 to be the Coulomb potential due to the nucleous:

Jβ
N = ∂α(F

αβ
0 ) (7.39)

Jβ
N = (ρ, 0, 0, 0) = (|e|δ(x), 0, 0, 0) (7.40)

finally the equations of motion for the dynamical field Bµ are:

Jβ
e = ∂α(F̃

αβ) (7.41)

The idea is to treat the field Bµ perturbatively, following this criterion we will solve for
the dynamical field Bµ the Maxwell equations for a free field:

∂α(F̃
αβ) = 0 (7.42)

7.6 The Hamiltonian

To compute the Hamiltonian starting from the lagrangian we first need to compute the
conjugate momenta:

H =

∫

V
d3x(πνi ∂0(φi)ν − L) (7.43)

πi =
∂L

∂(∂0φi)
(7.44)

7.6.1 fermionic momenta

πe =
∂L

∂(∂0ψe)
= −ψeγ

0 = −ψe
† (7.45)

πp =
∂L

∂(∂0ψe)
= 0 (7.46)
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7.6.2 photonic momenta

πνPh =
∂L

∂(∂0Aν)
= −1

4

∂(FµνFµν)

∂(∂0Aν)
(7.47)

FµνFµν = 2F 0νF0ν + F ijFij (7.48)

Note that F 00 = 0, so ν = i
and the photonic conjugate momenta reads:

πiPh = −1

2
F 0i (7.49)

7.6.3 Total Hamiltonian

H =

∫

V
d3x(πe∂0ψe + πiPh∂0Ai − L) (7.50)

H =

∫

V
d3x(−ψe

†∂0ψe + (−1

2
F 0i)∂0Ai − L) (7.51)

H =

∫

V
d3x(−γ0ψe∂0ψe −

1

2
F 0i∂0Ai − L) (7.52)

Remember the Lagrangian

L = −1

4
FµνFµν − ψe(γ

µ(∂µ + ieAµ) +me)ψe − Jµ
NAµ (7.53)

L = −1

4
Fµν(∂µAν − ∂νAµ)− ψe(γ

µ(∂µ + ieAµ) +me)ψe − Jµ
NAµ (7.54)

L =− 1

2
F 0ν(∂0Aν − ∂νA0)−

1

4
F ijFij

− ψe(γ
0∂0 + γi∂i + ieAµ +me)ψe − Jµ

NAµ

(7.55)

we obtain for the hamiltonian:

H = −
∫

V
d3x(

1

2
F 0ν)(∂νA0)−

1

4
F ijFij − ψe(γ

i∂i + ieγµAµ +me)ψe − Jµ
NAµ (7.56)

Based on the decomposition of the radiation field into a static and a dynamical part
we can split the hamiltonian into an H0 and an Hint. The criterion will be to include
in H0 all the terms that do not include interaction of the dynamical field Bµ with the
fermionic and nuclear currents and treat the rest of the terms perturbatively.

H = H0 +Hint (7.57)

Remember the mentioned decomposition of the radiation field:

Aµ = A0
µ +Bµ (7.58)

Fµν = F 0
µν + F̃µν (7.59)

A0
µ = (A0

0, 0) (7.60)

consequently:

F 0
ij = 0 (7.61)
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H =−
∫

V
d3x(

1

2
F 0ν
0 +

1

2
F̃ 0ν)[∂ν(A

0
0 +B0)]

− 1

4
F̃ ijF̃ij − ψe(γ

i∂i + ieγµA0
µ + ieγµBµ +me)ψe − Jµ

NAµ

(7.62)

So the free-particle part of the hamiltonian is:

H0 =−
∫

V
d3x(

1

2
F 0ν
0 +

1

2
F̃ 0ν)[∂ν(A

0
0 +B0)]

− 1

4
F̃ ijF̃ij − ψe(γ

i∂i + ieγµA0
µ +me)ψe − Jµ

NA
0
µ

(7.63)

and the interacting part that has to be treated perturbatively is:

Hint = −
∫

(−ieψeγ
µBµψe − Jµ

NBµ)d
3x =

∫

(Jµ
e + Jµ

N )Bµd
3x (7.64)

7.7 Field quantization

The goal is to study the interaction between a bounded electron in an Hydrogen atom
and a free photon field using the methodology of quantum field theory; we are specially
interested in the decayment rate of absorption/emission of a photon.

To know the probability of this process what we have to compute is a scattering ampli-
tude, so we need an expression for the assymptotic states of the bounded electron and
the free photon and we need to write the interaction Hamiltonian in terms of creation
and anihilation operators.

7.7.1 Electronic bound states

We want to find an expression that represents the field associated to an electron
bounded to the time-independent field of a charged nucleus.

In Ref. [204] the author studies the External Field Approximation applied to the case
of an electron scattered by the external field generated by a charged nucleus as a sum
over any number of insertions of some Feynmann diagrams. Such an approach implies
a breakdown of ordinary perturbation theory. The problem is the following: we know
that the solution we are looking for has a bound state corresponding to the ground
state of hydrogen. If one considers the amplitude for electron-proton scattering as a
function of the center-of-mass energy E this implies that there has to be a pole in this
amplitude for E = mp + me − 13.6eV , but no single term in the perturbation series
for electron-proton scattering has such a pole. The pole therefore can only arise from
a divergence of the sum over all diagrams at center-of-mass energies near (mp +me).

We will work in the Heisenberg picture where the time-dependence of operators is
determined by a Hamiltonian including only the external field interactions (due to the
effects of the external vector potencial Aµ

0 (x) of the nucleus).
In this picture the electron field ψ(x) satisfies the field equation:

[γλ∂λ +m+ ieγλAλ(x)]ψ(x) = 0 (7.65)

Here ψ(x) is not a c-number wavefunction but a quantum operator that satisfies the
anti-commutation relations:

{ψ(x, t), ψ(x, t)} = iγ0δ3(x− y) (7.66)
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7.7 Field quantization

The c-number Dirac wavefunctions are defined by:

uN (x) ≡ 〈φ0|ψ(x)|φN 〉 (7.67)

vN (x) ≡ 〈φN |ψ(x)|φ0〉 (7.68)

Where φN are a complete set of state-vectors, with φ0 the vacuum.
For time-independent external fields like Aµ

λ = ( Ze
4π|x| ,

−→
0 ) , φN may be taken as eigen-

states of the Hamiltonian (including the interaction with the nucleus) with energies EN .
Time-translation invariance tells us that the uN (x) and vN (x) have the time-dependence:

uN (x, t) = e−iEN tuN (x) (7.69)

vN (x, t) = e+iEN tvN (x) (7.70)

And the homogeneous Dirac equations become:

iγ0[γ.▽+m+ ieγλAλ(x)]uN (x) = ENuN (x) (7.71)

iγ0[γ.▽+m+ ieγλAλ(x)]vN (x) = −ENvN (x) (7.72)

The minus sign shows that the vN are the ”negative-energy” solutions of Dirac. For

moderate external fields like the one associated with the charged nucleus

there are no negative-energy states in the theory, all EN are positive.

From the anti-commutation relations for the fields ψ(x) the normalization condition
arises:

∫

d3y(u†N (y)uN (y)) = δNM (7.73)

We introduce two-component wave functions fN and gN :

uN =
1√
2

(

fN + igN
fN − igN

)

(7.74)

7.7.2 Symmetries of the solution

Parity η

Physical states may be classified as even or odd under space inversion. Recalling the
intrinsec parity of the electron is definded to be +1, the Dirac field has the space-
inversion property:

Pψ(x, t)P−1 = βψ(−x, t) = iγ0ψ(−x, t) (7.75)

and the parity conditions become:

fN (x) = ηNβfN (−x) (7.76)

gN (x) = −ηNβgN (−x) (7.77)

where ηN = ±1 is a sign factor.
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Total angular momentum j

Taking into account the form of the potential vector that we are considering for a
nucleus of charge Ze at the origin:

Aµ(x) = (
Ze

4π|x| , 0, 0, 0) (7.78)

we see that this potential has rotational symmetry and consequently the solutions of
the wave equations may be classified according to their total angular momentum j and
parity η.
For a given j, the components f and g may be expanded into spherical harmonics with
orbital angular momentum l = j+ 1

2 and l = j− 1
2 , but for a definite parity η = (−1)j∓

1
2

the parity conditions we can only have are l = j ∓ 1
2 in f and l = j ± 1

2 in g.
The usual rules of angular momentum-addition then show that for a state of total
angular-momentum j, total angular-momentum z-component µ, and parity (−1)j∓

1
2 ,

the two-component wavefunction f has the form:

f(x) =







Cj∓ 1
2
, 1
2
(j µ;µ− 1

2
1
2)Y

µ− 1
2

j∓ 1
2

(x̂)

Cj∓ 1
2
, 1
2
(j µ;µ+ 1

2 − 1
2)Y

µ+ 1
2

j∓ 1
2

(x̂)






F (|x|) (7.79)

where C and Y are the usual Clebsh-Gordan coefficients and spherical harmonics.
Also, given any wave function of definite total angular momentum and parity we can
construct another wave function with the smae j and µ but opposite parity by applying
the operator σ.x̂, so the g components may be put in the form:

g(x) = (σ.x̂)







Cj∓ 1
2
, 1
2
(j µ;µ− 1

2
1
2)Y

µ− 1
2

j∓ 1
2

(x̂)

Cj∓ 1
2
, 1
2
(j µ;µ+ 1

2 − 1
2)Y

µ+ 1
2

j∓ 1
2

(x̂)






G(|x|) (7.80)

Solutions for the assymptotic states of the electron

Inserting the last expressions into the homogeneous Dirac equations we arrive at the
following coupled differential equations for F (|x|) and G(|x|):

dGlj

dr
+
k + 1

r
Glj + (E + eA0 −m)Flj = 0 (7.81)

dFlj

dr
− k − 1

r
Flj − (E + eA0 +m)Glj = 0 (7.82)

For a definite parity η = (−1)j∓
1
2 :

k ≡ ±(j +
1

2
) (7.83)

and the normalization condition
∫∞
0 dr(Flj

2+G2
lj) = 1 gives the quantization condition

n of the energy levels.
The allowed values of the energy eigenvalues become:

En,j =
m

√

1 + ( Zα

n−j− 1
2
+
√

(j+ 1
2
)2−Z2α2

)2
(7.84)
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with:

j +
1

2
6 n (7.85)

For each n and j there are two solutions, corresponding to the two signs of k or or the
two possible parities, except that for n = j + 1

2 we only have k > 0.

For light atoms with Zα≪ 1 the equation above yields the power series:

En,j = m[1− Z2α2

2n2
+
Z4α4

n4
(
3

8
− n

2j + 1
) + ...] (7.86)

The first two terms represent the rest energy and the binding energy as given by the
non relativistic Schrödinger equation.
The leading term that depends on j as well as in n is the third term, the first rel-
ativistic correction which gives the fine structure of the electronic state. (for exam-

ple the splitting between the p states in the hydrogen: E(2p 3
2
) − E(2p 1

2
) = α4me

32 =

4, 5283× 10−5eV ).
But the Dirac equation does not yield any energy difference in the 2s 1

2
and 2p 1

2
states,

for this we have to look for the effect of further corrections. We will see this later when
we ’ll talk about radiative corrections.

In the non relativistic case (limit Zα ≪ 1) we can write gN in terms of fN as
gN ≃ (σ.▽)fN/2m and fN is solution of the Schrödinger equation:

[− ▽2

2m
− eA0]fN ≃ (EN −m)fN (7.87)

fN = χNψN (x) (7.88)

And the four-component Dirac wave function in momentum space takes de form:

uN =
1√
2

(

(1 + iσ▽/2m)χσ

(1− iσ▽/2m)χσ

)

(7.89)

with

χ+ 1
2
=

(

1
0

)

(7.90)

χ− 1
2
=

(

0
1

)

(7.91)

7.7.3 Quantization of the bound electron field

We started with a Lagrangian and now we have to ”quantize” the dynamical variables
that appear in it in order to write the Hamiltonian as an operator. The quantization
consists in reinterpreting the dynamical variables as operators that obey canonical
quantization relations (second quantization). So what we have to do is to promote the
conjugate momentum πe and the field ψe to operators and impose suitable commutation
relations:

{πe(x, t), ψe(y, t)} = iδ3(x− y) (7.92)

{πe(x), πe(y)} = {ψe(x), ψe(y)} = 0 (7.93)
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which in the Heisenberg picture are equal time commutation relations.
The Hamiltonian being a function of πe and ψe also becomes an operator.
Let’s write first the field ψe in Fourier space:

ψe(x, t) =

∫

d3p

(2π)3
eip.xψe(p, t) (7.94)

The fermionic field equation becomes:

(−γ0∂0 − iγipi − ieγµAµ −me)ψe = 0 (7.95)

with
∂i = ipi (7.96)

We saw in the last section that the complete set of states needed to express the field
ψe include solutions for positive-energy states and also for negative-energy states (this
later are supressed for interaction with moderate external fields). So the field operator
will be a sum over positive and negative-energy solutions.

We are interested in expressing the field operator in the complete basis of the quantum
numbers n, j and µ that characterizes our bounded state. In this basis and keeping
only the positive energy solutions u the electronic field operator reads:

ψe(x) =
∑

njµ

∑

s=1,2

(asnjµu
s
njµ(x) + bsnjµv

s
njµ(x)) (7.97)

ψe(x) =
∑

njµ

∑

s=1,2

((asnjµ)
†usnjµ + (bsnjµ)

†vsnjµ(x)) (7.98)

In the problem we are studing the external field due to the nucleous is not enough
strong for the solutions of negative-energy to be relevant, so we will keep only the u’s.

ψe(x) =
∑

njµ

∑

s=1,2

asnjµu
s
njµ(x) (7.99)

ψe(x) =
∑

njµ

∑

s=1,2

(asnjµ)
†usnjµ(x) (7.100)

7.7.4 Quantization of the electromagnetic field in Coulomb gauge

We would like to quantize the dynamical part Bµ of the electromagnetic field. We
may define with this purpose the canonical conjugates to the electromagnetic vector
potential to be:

πµ ≡ ∂L

∂(∂0Bµ)
(7.101)

Quantization by the usual rules would give:

[Bµ(x, t), π
ν(y, t)] = iδνµδ

3(x− y) (7.102)

But if we look at our lagrangian we see that it is independent of the time derivative of
B0, and therefore:

π0(x) = 0 (7.103)
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and there is also a secondary constraint:

∂iπ
i = −∂i

∂L

∂F̃i0

= − ∂L

∂B0
= −J0 (7.104)

The time derivative term dropps out because F00 = 0.
This both relations are inconsistent with the usual assumption [Bµ(x, t), π

ν(y, t)] =
iδνµδ

3(x− y)
We have four components of Bµ with only three field equations:

∂0[∂i
∂L

∂F̃i0

− J0] = 0 (7.105)

which is the current conservation condition.
What happens is that this theory has a local gauge symmetry.
Given any solution Bµ(x, t) of the field equations , we can always find another solution
Bµ(x, t) + ∂µǫ(x, t) with the same value and time derivative at t = 0 (by choosing ǫ
so that its first and second derivatives vanish there) but which differs from Bµ(x, t) at
later times.
Because of this partial arbitrariness of Bµ(x, t), it is not possible to apply the canonical
quantization procedure directly to Bµ.
To solve this difficulty one can exploit the gauge invariance of the theory and work in
a chosen gauge. We make the following finite gauge transformation:

Bµ(x) → Bµ(x) + ∂µλ(x) (7.106)

ψl(x) → eiqlλ(x)ψl(x) (7.107)

to impose a condition on Bµ(x) that will allow us to apply the methods of canonical
quantization. We will adopt Coulomb gauge here.

▽.B = 0 (7.108)

The photonic momentum for the dynamical part of the electromagnetic field yields:

πiPh = −1

2
F̃ 0i (7.109)

∂iπ
i
Ph = −∂i(

1

2
F̃ 0i) = −J0 (7.110)

This constraint together with the Coulomb gauge condition yields:

− ▽
2B0 = J0 (7.111)

which can be solved to give:

B0(x, t) =

∫

d3y
J0(y, t)

4π|x− y| (7.112)

In this way we eliminate B0 (and π0) from the list of the canonical variables. The other
three degrees of freedom are subjected to the gauge condition ▽iA

i = 0.
The equal time commutators consistent with the constraints ▽.A = 0 and ∂iπ

i(x) +
J0(x) are:

[Bi(x), πj(y)] = iδijδ
3(x− y) + i

∂2

∂i∂j
(

1

4π|x− y|) (7.113)
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[Bi(x), Bj(y)] = [πi(x), πj(y)] = 0 (7.114)

The complication is that now the operator Π doesn’t commute with matter fields and
their canonical conjugates. In order to facilitate the transition to the interaction picture,
instead of expressing the Hamiltonian in terms of B and Π, we shall write it in terms
of B and Π⊥, where Π⊥ is the solenoidal part of Π:

Π⊥ = Π− ▽.B0 = Ḃ (7.115)

If F is any functional of the matter degrees of freedom, then:

[F,Π⊥(z)] = 0 (7.116)

Π⊥ satisfies the same commutation relations as Π and also the constraint:

▽.Π⊥ = 0 (7.117)

Total Hamiltonian in Coulomb gauge

Using the usual relation between Hamiltonian and Lagrangian:

H =

∫

V
d3x(πe∂0ψe + πiPh∂0Ai − L) (7.118)

and replacing Π by Π⊥ for the dynamical part of the electromagnetic field:

H =

∫

V
d3x(πeψ̇e +Πi

⊥Ḃi − L) (7.119)

and replacing Ḃ everywhere by Π⊥ one gets:

H =

∫

V
d3x(Π2

⊥ +
1

2
(▽×B)2 − 1

2
(Π⊥ + ▽B0)2 − Jµ.B

µ) + (
1

2
(▽×A0)

2 − 1

2
(▽A0

0)
2 − Jµ.A

µ
0 )

+(−∂iA0
0)(Π⊥i

− ∂iB0) + πeψ̇e + ψe(γ
µ∂µ +me)ψe

(7.120)

This hamiltonian is time-independent and can be evaluated at t = 0.
We would like to do perturbation theory so we have to do the transition to the inter-
action picture.
The relevant part for perturbation theory is the interaction Hamiltonian Hint, which
in our case will be :

∫

d3xHint ==

∫

JµBµd
3x = −

∫

−ieψeγ
µBµψed

3x (7.121)

∫

d3xHint(t) = eiH0t(

∫

V
d3xHint(B,ψe)|t=0)e

−iH0t =

∫

d3xjµe (x, t)b(x, t)µ (7.122)

Free photon field in Coulomb gauge

Since, as we saw in the first section B0 is not an independent Heisenberg-picture field
variable, we can take, for the interaction picture:

b0 = 0 (7.123)
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The most general solution for bµ may be written:

bµ(x) =
1

(2π)
3
2

∫

d3p
√

2p0

∑

σ

[eip.xǫµ(p, σ)b(p, σ) + e−ip.xǫµ∗(p, σ)b†(p, σ)] (7.124)

where p0 ≡ |p| and ǫµ(p, σ) are any two ”polarization vectors” satisfying

p.ǫ(p, σ) = 0 (7.125)

ǫ0(p, σ) = 0 (7.126)

where σ is a two-valued index.
By adjusting the normalization of b(p, σ) we can normalize the ǫµ(p, σ) so that the
completeness relation reads:

∑

σ

ǫi(p, σ)ǫj∗|k〉Ph(p, σ) = δij −
pipj
|p|2 (7.127)

We could take:

ǫµ(p,±1) = R(p̂)











1√
2

± i√
2

0
0











(7.128)

where R(p̂) is a standard rotation that carries the three-axis into the direction of p.
The commutation relations for the creation and anihilation operators are:

[b(p, σ), b†(p’, σ′)] = δ3(p- p’)δσσ′ (7.129)

[b(p, σ), b(p’, σ′)] = 0 (7.130)

7.8 S matrix

S-Matrix theory allows for computation of amplitudes for scattering processes in per-
turbation theory. For this theory the initial and final states are assymptotic states that
are solutions of the H0 Hamiltonian.
Usually these in and out states correspond to free particles. In the case we are studying
the assymptotic states for the electron are not free, they are bounded states character-
ized by the quantum numbers n, j and µ.

The in and out states |k〉in and |k〉out are eigenstates of the Hamiltonian H0 for the
electromagnetic field.

The Fock space of the states corresponds to the direct product of the Hilbert spaces of
the electron and of the photons:

|njµ〉e ⊗ |n′j′µ′〉e ⊗ |n′′j′′µ′′〉e...⊗ |k1〉Ph ⊗ |k2〉Ph ⊗ |k3〉Ph... (7.131)

The problem we are considering is the scattering of a photon by an Hydrogen atom.
The probability of the scatter will be the sum over all possible nf , jf and µf of the

squared modulus of the scattering matrix.
∑

nf ,jf ,µf

|〈nf jfµf |〈k′|S|k〉|nijiµi〉|2 (7.132)

S = Tei
∫

d4xHint (7.133)
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7.8.1 Amplitude for the emission of a photon

Let’s first write the expression for the amplitude corresponding to the emission of one
single photon

✁
Let’s write the matrix element at tree level:

〈nf jfµf |〈k′| − i

∫

dtd3xHint|0〉|nijiµi〉 (7.134)

− i〈nf jfµf |〈k′|
∫

dtd3x[(jµe (x, t) + Jµ
N )b(x, t)µ]|0〉|nijiµi〉 (7.135)

− i〈nf jfµf |〈k′|
∫

dtd3x[(ieψe(x, t)γ
µψe(x, t)) + Jµ

N )b(x, t)µ]|0〉|nijiµi〉 (7.136)

with the previous defined interaction-picture fields:

bµ(x, t) =
1

(2π)
3
2

∫

d3p
√

2p0

∑

σ

eiH0t[eip.xǫµ(p, σ)b(p, σ) + e−ip.xǫµ∗(p, σ)b†(p, σ)]e−iH0t

(7.137)

ψe(x, t) =
∑

njµ

∑

s=1,2

eiH0t[asnjµu
s
njµ(x)]e

−iH0t (7.138)

ψe(x, t) =
∑

njµ

∑

s=1,2

eiH0t[(asnjµ)
†usnjµ(x)]e

−iH0t (7.139)

We are not interested in the interaction with the nuclear current, so just consider:

− i〈nf jfµf |〈k′|
∫

dtd3x[(ieψe(x, t)γ
µψe(x, t)))b(x, t)µ]|0〉|nijiµi〉 (7.140)

And replacing the expressions for the fields:

− i〈nf jfµf |〈k′|
∫

dtd3x[(ie
∑

njµ

∑

s=1,2

eiH0t[(asnjµ)
†usnjµ(x)]e

−iH0tγµ

∑

n′j′µ′

∑

s=1,2

eiH0t[asn′j′µ′usn′j′µ′(x)]e−iH0t))
1

(2π)
3
2

∫

d3p
√

2p0

∑

σ

eiH0t[eip.xǫµ(p, σ)b(p, σ) + e−ip.xǫµ∗(p, σ)b†(p, σ)]e−iH0t]|0〉|nijiµi〉

(7.141)

Observe that we can separate this integral into two terms: one goes with b(p, σ) and the
other with b†(p, σ). Only the second one will survive because it can create a photon of
momentum k’, the first one vanishes as the anihilation operator acting on the vacuum
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vanishes.
On the other hand we see that {n, j, µ} = {nf , jf , µf} and {n′, j′, µ′} = {ni, ji, µi}
because we have to destroy an electron with quantum numbers {ni, ji, µi} and create
one with {nf , jf , µf}

− i〈nf jfµf |〈k′|
∫

dtd3x[(ie
∑

s=1,2

eiH0t[(asnf jfµf
)†usnf jfµf

(x)]γµ
∑

s=1,2

[asnijiµi
usnijiµi

(x)]))

1

(2π)
3
2

∫

d3k′√
2k′0

∑

σ

[e−ik′.xǫµ∗(k’, σ)b†(k’, σ)]e−iH0t]|0〉|nijiµi〉

(7.142)

So to compute the probability that a bounded electron in the state {nijiµi} emits a
photon with momentum {k′} we have to sum over all possible final states of the electron:

∑

nf jfµf

| − i〈nf jfµf |〈k′|
∫

dtd3x[(ie
∑

s=1,2

eiH0t[(asnf jfµf
)†usnf jfµf

(x)]γµ
∑

s=1,2

[asnijiµi
usnijiµi

(x)]))

1

(2π)
3
2

∫

d3k′√
2k′0

∑

σ

[e−ik′.xǫµ∗(k’, σ)b†(k’, σ)]e−iH0t]|0〉|nijiµi〉|2

(7.143)

Obviously if the initial state is the ground state the probability of emitting a photon
vanishes.

7.8.2 Amplitude for the absorption of a photon

✁
The probability of absorption for a photon of momentum {k} by a bounded electron

initially in the state {nijiµi} can be computed in an analagous way:

∑

nf jfµf

| − i〈nf jfµf |〈0|
∫

dtd3x[(ie
∑

s=1,2

eiH0t[(asnf jfµf
)†usnf jfµf

(x)]γµ
∑

s=1,2

[asnijiµi
usnijiµi

(x)]))

1

(2π)
3
2

∫

d3k√
2k0

∑

σ

[e−ik′.xǫµ∗(k, σ)b†(k, σ)]e−iH0t]|k〉|nijiµi〉|2

(7.144)

In this case the probability for the final state being the ground state is zero.
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7.9 What can be explained only with QFT?

The electron propagator in the presence of the static field A0 is the following:

− iSA0(x, y) = 〈φ0|T{ψe(x), ψe(x)}|φ0〉A0 (7.145)

Where ψe(x) and ψe(x) are the bound electron fields defined above and the vacuum
state φ0 is defined as:

asnjµ|φ0〉 = 0 (7.146)

7.9.1 Instability of atomic energy levels

If we now consider the dynamical part of the electromagnetic field A (remember Aµ =
Aµ

0 +Bµ) the propagator will need a correction:

− iSA = (Ω0, T{ψe(x), ψe(x)}Ω0)A (7.147)

with

SA = SA0 + δSB (7.148)

The lowest radiative corrections to the complete propagator are:

δSA(x, y) =

∫

d4z

∫

d4wSA(x, z)Σ
∗
A(z, w)SA(w, y) (7.149)

where iΣ∗
A is the sum of all one-loop diagrams with one incoming and one outgoing

electron line calculated using SA0 .

✁
Double straight lines represent electron propagators SA0

The effect of these radiative corrections is to change the spectrum, so the bound-state
energies have to be corrected like: E′

N = EN + δEN :

δEN = −
∫

d3x

∫

d3yuNΣ∗
A(x, y;EN )uN (y) (7.150)

Generally δEN turns out to be complex. This is a simply consequence of the instability
of atomic energy levels to radiative decay to lower levels. It is known that an unstable
state of energy E and decay rate Γ produces poles in various amplitudes at the complex
energy E − iΓ/2.
The imaginary part of δEN therefore equals −Γ/2, while its real part gives the energy
shift.
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7.9.2 Radiative corrections

With this QFT approach it is possible to compute the radiative corrections to the
spectrum. In the case of the Hydrogen atom the lowest order radiative corrections to
its spectrum include the Lambt shift, the anomalous magnetic moment and corrections
do to vacuum polarization. They are one-loop corrections.

✁
The calculation of the energy shift is triky because treating the Coulomb field as a weak
perturbation introduces an infrared divergence (fictitous) and the integral over virtual
momentum of the photon must be separated into two parts: a low and a high energy
range.

In the low energy range we can treat the electrons non relativistically but must in-
clude effects to all orders in the external field. In the high energy range we have to
include relativistic effects but may include only effects of lowest order in the external
field.

The high energy term corrects the vertex replacing γµ by a function Γµ that takes
into account the correction do to vacuum polarization and the correction to the mag-
netic moment of the electron (anomalous magnetic moment. Correction of the g factor
≈ 0.001 ).

The low energy term gives the Lamb shift, the energy difference between the 2s and
the 2p 1

2
of the hydrogen atom (≈ 4× 10−6eV ), states that would be degenerate in the

absence of radiative corrections.

7.10 Open topics

1. Compute scattering amplitude and compare with the result of Quantum Mechan-
ics to see what’s the importance of considering the external electromagnetic field
represented by Aµ as quantic instead of classic (continuos).

2. Try to relate this approach to memory effects in TDDFT → with the classical
approach we don’t have the information about the moment the system absorbs a
photon

3. Is there any way to include the field Aµ in the formalism of TDDFT? Is there
any way to construct a Density functional theory that doesn’t consider only the
electron but also the electromagnetic field?
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4. Could the Runge-Gross theorem be generalized to quantic fields (external poten-
tials)?

5. the last two items have been adressed recently in [89].
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