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Abstract

We show that due to the non-linearity of the Kohn-Sham Schrödinger equation,
Rabi oscillations in adiabatic time-dependent density functional theory are always
detuned from the linear response resonance ω0.
We have proven our hypothesis by studying a one-dimensional two-electron singlet
system that can be solved exactly. The system is mapped into a non-interacting
Kohn-Sham one and an analytic expression for the dynamical detuning is found
within the exact exchange approximation.

One-dimensional model system

The Hamiltonian for an interacting non-relativistic N -electron
system coupled to a laser field of the form E(t) = E0 sin(ωt) in
dipole approximation is given by

Ĥ = T̂ + V̂ext+ V̂ee+
N∑
j=1

~rj ~E(t) (1)

with Vee = 1√
(~r−~r′)2+1

. Atomic units (me = e = ~ = 1) are used.

Rabi oscillations and effective two-level system

• Rabi’s solution of a two-level system interacting with a single
frequency field predicts oscillations between the ground state
ψg and an excited state ψe when the frequency ω of the applied
field is close to the energy ∆ of the transition.

• The frequency Ω of the Rabi oscillations depends on the am-
plitude E0 of the external field, on the transition matrix ele-
ment deg =< ψe|

∑
j r̂j|ψg > and on the detunning δ = ω−∆ as

Ω =
√
δ2 + (degE0)2. For the resonant case the Rabi frequency

is just Ω0 = degE0. (see for example [1]).

• The conditions in order to have an effective two-level system
are the following,

δ << ∆, Ω0 << ω, (2)

If these conditions are fullfilled the system can be considered an
effective two-level system and the wavefunction can be written
as a linear combination of ground and excited states as

|ψ(t) >= ag(t)|ψg > +ae(t)|ψe > (3)

Rabi oscillations can be observed in the time-dependent popu-
lations of the ground and excited states,

|ag(t)|2 = ng(t), |ae(t)|2 = ne(t) (4)

and for a symmetric hamiltonian like the one in Eq. (1) also in
the time-dependent dipole moment,

d(t) = 〈ψ(t)|
∑
j

r̂j|ψ(t)〉 = 2degRe(a
∗
gae) (5)

Normalization of the wavefunctions implies ng(t) + ne(t) = 1.

Rabi oscillations in the many-body interacting
system

We project the hamiltonian Eq. (1) onto the 2 × 2 level space
of Eq. (3) and let the system evolve according to the time-
dependent Schrödinger Equation,

i∂t

[
ag
ae

]
=

[
〈ψg|Ĥ0|ψg〉 〈ψg|r̂E(t)|ψe〉
〈ψe|r̂E(t)|ψg〉 〈ψe|Ĥ0|ψe〉

] [
ag
ae

]
Assuming conditions Eq. (2) are fullfilled we profit from the
timescale separation between the fast oscillatting external fre-
quency ω and the slowly variying Rabi frequency Ω to use Ro-
tating Wave Approximation (RWA). Solving the differential sys-
tem brings us to an expression for the time-dependent dipole
moment and leads to the following differential equation for the
population ne(t) of the excited state,

∂2tne(t) = −
(
δ2 + Ω2

0

)
ne(t) +

1

2
Ω2
0 (6)
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Fig. 1: Dipole moment (red) and populations ne (solid black line) and
ng (dashed black line) using E0 = 0.0125ω for detuning δ = 0.08Ω0
(0.0006 Ha) (a) and δ = 2.2Ω0 (0.016 Ha) (b).

Rabi oscillations in the KS system

The time-dependent Kohn Sham (KS) hamiltonian has an addi-
tional term due to exchange-correlation and Hartree potentials
Vhxc[ρ(r, t)] being functionals of the time-dependent density.

Ĥs = Ĥ0
s + V̂

dyn
hxc (t) + r̂E(t) (7)
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Fig. 2: Dipole moment (red) and populations nse (solid black line) and
nsg (dashed black line) for LDA (a) and EXX (b) computed from nu-
merical time propagation in octopus ([2, 3]). The results from the
theoretical model Eq. (10) are given in (c).

Dynamical detuning within adiabatic EXX

We use here the exact exchange (EXX) functional to study a two-
electron singlet system, for this case EXX is adiabatic and equal
to Hartree-Fock,

V EXXhxc (x, t) =
1

2

∫
d3xV̂ee(|x− x′|)(ρ0(x′) + δρ(x′, t)) (8)

The KS two-level expansion,

|φ(t) >= asg(t)|φg > +ase(t)|φe > (9)

leads to the following differential system after projection of
hamiltonian Eq. (7),

i∂t

[
asg
ase

]
=

[
〈φg|Ĥ0

s + V̂
dyn
hxc (t)|φg〉 〈φg|r̂E(t) + V̂

dyn
hxc (t)|φe〉

〈φe|r̂E(t) + V̂
dyn
hxc (t)|φg〉 〈φe|Ĥ0

s + V̂
dyn
hxc (t)|φe〉

][
asg
ase

]
Time evolution only affects one unique orbital and follows from
the KS equation i∂tφ(r, t) = Ĥsφ(r, t).
Assuming conditions Eq. (2) are fullfilled and defining the res-
onance as the frequency of the linear response ωEXX0 we again
use RWA as in the linear case and end up with the following
expression for the non-linear KS problem,

∂2tn
s
e(t) = −

(
γ2

2
nse(t)

2 + Ω2
s

)
nse(t) +

1

2
Ω2
s (10)

with γ = (λe − λg)− 2g and Ωs = dsegE0 .

• λg,e=
∫∫
dx dx′

(
|φe(x′)|2 − |φg(x′)|2

)
V̂ee(|x− x′|)|φg,e(x)|2.

• g =
∫∫
dxdx′φe(x′)φg(x′)V̂ee(|x− x′|)φg(x)φe(x).

Unlike Eq.(6) which corresponds to an harmonic oscillator,
Eq.(10) corresponds to an anharmonic quartic oscillator, analytic
solutions can be found in ([5]) or it can be solved numerically.

Conclusions

• From the results of the numerical time-propagation and from
comparison of Eq.(6) and Eq.(10) we can conclude that there
exist Rabi oscillations in adiabatic time-dependent density
functional theory contrary to what is stated in [4] for the same
system, and that they are always detuned.

• For any adiabatic functional the potential will change due to
the changing density and the system is driven out of reso-
nance. This effect is not limited to TDDFT but is generic for all
mean-field theories, e.g. HF or all hybrids, when the effective
potential depends instantaneously on the state of the system.

• Only the inclusion of an appropriate memory dependence
can correct the fictitious time-dependence of the resonant fre-
quency.

• Adiabatic functionals will fail similarly in the description of
all processes involving a change in the population of states.
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